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SUMMARY 


We develop a structure theory for nilpotent symplectic alternating algebras. 


We then give a classification of all nilpotent symplectic alternating algebras of 


ni 


dimension up to 10 over any field F. The study reveals a new subclasses of 


powerful groups that we call powerfully nilpotent groups, perfect nilpotent groups 


and powerfully soluble groups. 
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CHAPTER 1 


Be 


INTRODUCTION 


In this thesis we study certain algebraic structures called symplectic alternat- 
ing algebras. Symplectic alternating algebras originate in a study of powerful 
2-Engel groups |[13],[18]] although here we will study them purely as structures 
that are interesting in their own right with many beautiful properties. This thesis 
continues the development of the theory of symplectic alternating algebras that 
was started in [19]. Some general theory was also developed in [17]. The aim 
is to explore these algebraic structures and in particular to develop a theory for 


nilpotent symplectic alternating algebras. 


Let F be a field. A Symplectic Alternating Algebra over F is a triple (L,(, ), -) 


where L is a symplectic vector space over F with respect to a non-degenerate 


alternating form (, ) and - is a bilinear and alternating binary operation on L 
such that (u-v,w) = (v-w,u) for all u,v,w € L. We often denote Symplectic 
Alternating Algebra more shortly by SAA. 


1.1 Connection with Engel groups and the Burn- 


side Problem 


As we said above SAA’s originate in some work on powerful 2-Engel groups. We 
will not be exploring this connection in this thesis but will be primarily looking 
at SAA’s as structures interesting in their own right. In this section we however 


briefly describe the origin as a background to our work. As a starting point we 
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first mention the famous Burnside problems from which Engel groups originate. 
These were posed in 1902 by William Burnside [4]. 


The General Burnside Problem Is a finitely generated periodic group neces- 


sarily finite? 


The Burnside Problem If B(r,n) is the largest r-generator group of expo- 


nent n. For what values of r and n is B(r,n) finite? 


The Restricted Burnside Problem For what values of r and n is there an 


upper bound on the orders of finite r-generator groups of exponent n? 


In 1964 Golod [6] answered the general Burnside problem by constructing a 
counter example that is a finitely generated infinite p-group. For the restricted 
Burnside problem the answer turns out to be that such an upper bound exists for 
all r and n. P. Hall and Higman [7] reduced this problem to the case when n is a 
prime power exponent. The solution was then completed in 1989 by Zel’manov 
(22) (21) . 


We next turn to the Burnside problem, For n = 2,3, 4,6 it is known that B(r,n) 
is finite. In general the answer is however negative and B(r,n) is known to be 
infinite when r > 2 and n is large enough [[2], [9], [11]]. Surprisingly until now it 
is unknown whether B(2,5) or B(2,8) is finite or not. 


The Burnside problems lead naturally to the Engel-identities. Engel groups 
have their origin in William Burnside’s paper [4]. Recall that the commuta- 
tor of two elements x and y in a group is defined as [x,y] = 2 -'y~!xy. We 
adopt the left normed convention for commutators of more than two elements. 
Thus [x1,22,.--,2n] = [..-[[21, re],..-], an]. We also define [y,,, x] recursively 


by [yo] = y and [ysn41 7] = [[¥nv], 2] - 


Definition 1.1. Let G be a group. G is said to be an Engel group if for each 


pair (x,y) € G x G there exists an integer m = m(z, y) such that 


eee | ae 


A group is said to be an n-Engel group if m(z,y) <n for all z,yeG. 
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Remark 1.2. Obviously G is an 0-Engel group if and only if G = {e} and 1-Engel 


groups are the abelian groups. 


It is well know that groups of exponent 2 are abelian that implies that any r- 
generator group of exponent 2 is of order at most 2". Burnside showed in [4] that 
it is also true that groups of exponent 3 are locally finite. It was Burnside who 


> commute but 


observed that in groups of exponent 3, any two conjugates a, a 
this property is equivalent to the 2-Engel identity [[b,a],a] = 1 and thus these 
groups are 2-Engel groups. It has been shown later in [5] by Burnside that the 


2-Engel groups also satisfy the laws 


[z,y,2] = [y,2,2] 
[z,y,2]° = 1 


and thus any 2-Engel group where there is no element of order 3 would be nilpo- 
tent of class at most 2. One can see furthermore that the following identity 
holds 


Leet) = 


which apparently was noticed first by Hopkins [8]. The fact that these laws 
characterize 2-Engel groups is however usually attributed to Levi [10]. The last 
identity shows that 2-Engel groups are nilpotent of class at most 3. Further de- 
tails can be found in [20]. That we have a complete understanding of 2-Engel 
groups is however no more true then saying that the law xy = yz tells us all 
about abelian groups. There are still a number of open question regarding 2- 
Engel groups. For example, the following well known problems were raised by 
Caranti [12]. 


Problem 1. (a) Let G be a group of which every element commutes with all its 


endomorphic images. Is G nilpotent of class at most 2? 


(b) Does there exist a finite 2-Engel 3-group of class three such that Aut G = 
Aut.G -Inn G where Aut,G is the group of central automorphisms of G? 


We have a positive answer for question (b). In 2010 Abdollahi, A., et al con- 


structed such an automorphism group [1] using GAP and Magma computations. 
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As we mentioned before SAA’s originate from a study of powerful 2-Engel groups. 


Definition 1.3. A finite p-group, p odd, is said to be powerful if [G,G] < G?. 
Or equivalently if G/G? is abelian. If p = 2 then G is powerful if [G, G] < G*. 


Questions about p-groups can often be reduced to powerful p-groups. In 2008 
some work was done by Moravec and Traustason in [13] on powerful 2-Engel 
groups. Now any powerful 3-group of exponent 3 is abelian and one might there- 


fore expect that the class of powerful 2-Engel 3-groups would be smaller than 3. 


In fact Moravec and Traustason showed that this is the case for 3-generator 


groups. 


Proposition 1.4 ({13]). Every 3-generator powerful 2-Engel group is nilpotent 


of class at most 2. 


We know that the class of 2-Engel groups is at most 3. Notice that as the class of 
powerful 2-Engel groups is not closed under taking subgroups, it does not follows 
from the last proposition that when the class of 2-Engel groups is furthermore 


powerful then the class will be reduced to 2. 


In fact it turns out that there is a rich family of powerful 2-Engel groups of 


class 3. 


Definition 1.5. A powerful 2-Engel 3-group of class 3 is minimal if all the proper 


powerful sections have class at most 2. 


Moravec and Traustason classified powerful 2-Engel groups of class three that 
are minimal. The study reveals that there are infinitely many minimal groups of 


rank 5 and also of any even rank > 4. 


Symplectic vector spaces play a role in the classification. One of the families 
considered has a richer structure which lead to related algebraic structures that 


we call symplectic alternating algebras” . 


In fact the study in [18] reveals there is a one-to-one correspondence between 
symplectic alternating algebras over the field GF(3) and a certain class of pow- 


erful 2-Engel 3-group of exponent 27. The groups form a class C that consist of 


Bi 
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powerful 2-Engel 3-groups G with the following extra properties : 
(a) G = (x, H) where H = {ge G: g? = 1} and Z(G) = <2) with O(2) = 27. 
(b) G is of rank 2r + 1 and has order 3°*4", 


The associated symplectic alternating algebra L(G) is constructed as follows. 
First we consider L(G) = H/G® as a vector space over GF(3). To this we as- 
sociate a bilinear alternating form (,) and a alternating binary multiplication as 
follows 


la, b}? _ (Gb) 
a- b= where [a,b]Z(G) = Z(G) and y = yG”. 
One can show that these are well defined and turn L(G) into a SAA. Suppose 


that @-b =d and b-@=é€. Then 


(@-b,2) = (42) = [d, ale = [d?, cl] =< la, b, c| = [b, C, al = [e3, a] = le, a]? = (Ea) 


9(b-E,a)_ 


Notice that L(G) is abelian if and only if G is nilpotent of class at most 2. Traus- 
tason showed that L(G) = L(K) if and only if G = K. 


Suppose G = (x, hy,...,h2,) and that L(G) = (uy,..., u2,) is the corresponding 
SAA where u; = h;G. Form the structure coefficients for L(G) 


Ui ° Uj = ajj(1)ur fe eee Qi; (27) Uo, 


(wi,uj) = Big 
where 1 <i <j < 2r. We get the following powerful commutator relations for G 
[hi, hj] = pews) ee peri r) 38:5 


Remark 1.6. Recall that a subgroup K of a 3-group G is said to be powerfully 
embedded if [K,G] < K?. We then notice that powerful subgroups of G correspond 


to subalgebras and powerful embedded subgroups correspond to ideals. 


Example. Consider the symplectic alternating algebra LD = Fx, +Fy,+Fr2+Fyo 


of dimension 4, over F = GF(3) where (1,4) = (#2, y2) = 1 and (2;,2;) = 
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(yi, 3) = (%i,y;) = 0 otherwise for i, 7 € {1, 2}. 


L1rq = OD 
yiy2 = Yi 
T1Y1 = £2 
T1Y2 = —@1 
ry, = 0 
Lay2 = O 


The corresponding group is G(L) = (21, yi, £2, y2, Z with the relations 


[z1,%2| = 1 
[yi.ye] = yi> 
[71%] = aba? 
[t41,y2] = 27° 
[v2,y] = 1 
[v2,y2] = 2° 


1.2 An overview of this thesis 


We now give a detailed summary of the thesis. The thesis is divided into two 
parts. In the first part we develop a structure theory for nilpotent symplectic al- 
ternating algebras. We will first discuss some background material in Chapter 2, 
which we will need throughout the thesis. We then begin Chapter 3 by describing 
some results that in particular lead to specific type of presentations that we call 
nilpotent presentations. All algebras with a nilpotent presentation are nilpotent 
and conversely any nilpotent algebra will have a nilpotent presentation. In par- 
ticular we will focus on the algebras that are of maximal class and we will see 


that their structure is very rigid. In Chapter 4 we also illustrate the theory by 


classifying all nilpotent SAA’s of dimension up to 8 over an arbitrary field F. The 


classification of the nilpotent symplectic alternating algebras of dimension up to 
8 is implicit in [13] although this is not done explicitly and the context there 
is a more general setting. There are three algebras and one family of nilpotent 


Symplectic alternating algebras of dimension 8 over any field. 
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The second part of the thesis is to deal with the challenging classification of 
nilpotent symplectic alternating algebras of dimension 10 over any field. It turns 
out that the classification of algebras with a center that is not isotropic can be 
easily reduced to the classification of algebras of dimension 8. The main bulk of 
work is thus about algebras with isotropic center. The dimension of the center 
lies between 2 and 5 and we deal with these cases in turn. At some points there 
are interesting geometrical situations that arise, like when dealing with algebras 
that have an isotropic center of dimension 4. There are 22 such algebras when 
the field is algebraically closed. Over the field GF (3), where there is a 1-1 cor- 
respondence with a class of powerful 2-Engel 3-groups, there are 25 algebras. In 


general the classifications depends strongly on the field. 


1.3. Publication details 


Part I of this thesis is joint work with Gunnar Traustason. This has been pub- 


lished in the Journal of Algebra, and forms reference [16]. 


Part II is is also joint work with Gunnar Traustason and the majority of this 


is currently being prepared for publication [14, 15}. 
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Part I 


General Theory 


CHAPTER 2 


Be 


BACKGROUND MATERIAL 


2.1 Symplectic Alternating Algebras 


Definition 2.1. Let F be a field. A Symplectic Alternating Algebra over F is a 


triple (L,(, ), -) where L is a symplectic vector space over F with respect to a 


non-degenerate alternating form (, ) and - is a bilinear and alternating binary 
operation on L such that 


(u-v,w) = (v-w,u) 
for all u,v, w € L. 


Notice that (wu: z,v) = (a-v,u) = —(v-az,u) = (u,v- ax) and thus the multi- 
plication from the right by x is self-adjoint with respect to the alternating form. 
As the alternating form is non-degenerate, L is of even dimension and we can 
pick a basis 71, 41,-.-,%n,;Yn With the property that (x;,27;) = (yi,y;) = 0 and 
(x;,y;) = 0;; for 1 <i <j <n. We refer to a basis of this type as a standard basis. 


Suppose we have any basis wuj,...,U2, for L. The structure of L is then de- 
termined from 


We refer to such data as a presentation for L. The convention is to only list those 


triple values that are non-zero. Alternatively we can describe L as follows, if we 


take the two isotropic subspaces Fx, +---+ Fa, and Fy, +---+ Fyn with respect 
to a given standard basis, then it is suffices to write down only the products 


LjL;,YiYj, 1 <1 <7 <n. The reason for this is that having determined these 
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products we have determined all the triples (u;u;,u,) where 1 <i<j <k < 2n, 
since two of those are either some 2;,x; or some y;, y; in which case the triple 
is determined from 2,2; or yy;. Since (2j%;,2%_) = (Uj TR, 0;) = (URx;,2;) and 
(Yi¥j, Yk) = (YiYes Yi) = (YRYi, yj), this put some more conditions on the products 


xXx; and yy;. 


We adopt the left-normed convention for multiple products. Thus 212%2--- Xp 
= (--+(X1 £2) +++ )a,. Many of the terms that will be used are analogous to the 
corresponding terms for related structures. Thus a subspace J of a SAA LF is an 
ideal if JZ < I. Also U < V stands for ‘U is a subspace of V’. 


Now let LZ be a SAA of dimension 2n. We next look at some general proper- 
ties that hold for L. 


Lemma 2.2 ({19]). Jf I is an ideal of L then I~ is also an ideal. Furthermore 
any isotropic ideal I of a SAA L is abelian. 


Proof. As (I+-L,1I) = —(1-L, I+) = 0, I* is an ideal in L. For the latter suppose 
that I is an isotropic ideal of L. Thus I < I+ and so (I-1,L) = (I- L,I) =0 


implies that J is abelian as required. 


We define the lower central series in an analogous way to related structures like 
associative algebras and Lie algebras. Thus we define the lower central series 
recursively by 

CPSiadr Sis, 


and the upper central series by 
Zo(L) = {0} and Z,41(L) = {ve L: ale Z,(L)}. 


It is readily seen that the terms of the lower and the upper central series are all 
ideals of LZ. The following beautiful property that shows relation between the 


upper and the lower central series will be used frequently. 
Lemma 2.3 ([19]). Z,(L) = (L"*")+. 


Proof. We have a € Z,(L) e#aLl---L =0 #0 = (aL-:-L,L) = (a,L"*') = 
—S— SS 


n n 


ae (ts 


Notice also that dim Z,,(L) + dim L"*! = dim L. 
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Lemma 2.4 ({19]). Any one-dimensional ideal of L is contained in Z(L) and any 


two-dimensional ideal is abelian and contains a non-trivial element from Z(L). 


Proof. Let I be an ideal of dimension one. Then L/I+ is an alternating alge- 
bra of dimension one and hence abelian. It follows that L? < J+ and hence 
Tete) SA(b\ 


Now let J be an ideal of dimension two. Then L/I* is an alternating alge- 
bra of dimension two. Thus dim (L/I+)? < 1 and so (L/I*)? < L/I-, that is 
Lb> i? +I+ = (U2) Al = (ZL) al). Hence Z(L) aT > {0}. 


We define simplicity for SAA in the natural way. L 4 {0} is simple if it has no 


proper nontrivial ideals. 


Definition 2.5. Suppose that LZ is a SAA with ideals ,...,J, which all are 
SAA’s and where 
L=[,650°:-Oh: 


We then say that L is the direct sum of the SAA’s I;,..., In. 
Remark 2.6. It follows that [1]; <I; 0 1; = {0} wheni F j. 


Definition 2.7. We say that a SAA is semi-simple if it is a direct sum of simple 
SAA’s. 


As we said before, some general theory was developed in [19] and [17]. In par- 
ticular a well-known dichotomy property for Lie algebras also holds for SAA’s. 


Thus a SAA is either semi-simple or has a non-trivial abelian ideal. 


Theorem 2.8 ([19]). Hither L has a non-trivial abelian ideal or L is semi-simple. 
In the latter case the direct summands are uniquely determined as the minimal 
ideals of L . 


It is however still unknown whether there exist a non-trivial SAA L where 
Aut L = {id}. We are interested in the classification of SAA. Suppose that 
V is a symplectic vector space with a non-degenerate alternating form (,). Let 
L1,-.+.,L2n, be a standard basis of V. Thus (x9;, £a;-1) = 1 but (x;,7;) = 0 other- 
wise for any 1 <i <7 < 2n. The next proposition show that in fact we can turn 
this into a SAA. 
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Proposition 2.9 ([19]). Let n > 2 and for each (i,j,k), 1<i<j<k < 2n, 


ni 


choose a number a(i, j,k) in the field F. There is a unique SAA of dimension 2n 


over F satisfying 


(Tea; ) fant ai, j, k) 
jor laie7<k e2n 


Proof. We only need to define a bilinear alternating product on V that interacts 
with the alternating form in such a way that (uv, w) = (vw, u) for all u,v,we V. 
As the product and the alternating form are both bilinear, everything reduces 
to working with the basis vectors. Now extend the function a to all triples of 
pairwise disjoint numbers 1 < i,j,k < 2n such that a(i,j,k) = a(j,k,i) = 
a(k,i,7), a(j,1,k) = a(k, 7,7) = a(t, k, 7) = —a(i, j,k) and we let every product 
(x;x;,t,) = 0 if there is a repeated occurrence of a basis vector. A bilinear 


alternating product is determined completely from 2,;x;, 1 < j. Now let 
£50; = —a(9, 1, 2)e1 + a(9, 1, leo — +--+ — a9, 4, 2n) Fon-1 + a(7, 4, 2n — 1) Zon 


where i < 7. We thus have that V is the unique SAA satisfying the stated 


conditions. 


We next get from this some information about the growth of SAA’s. The map 


L? > F, (u,v, w) > (u-v,w) is an alternating ternary form and each alternating 


ternary form on a given symplectic vector space, with a non-degenerate alternat- 


ni 


ing form, defines a unique SAA. Classifying SAA’s of dimension 27 over a field F 


is then equivalent to finding all the Sp(V)-orbits of (A°V)* under the natural ac- 


tion, where V is a symplectic vector space of dimension 2n with a non-degenerate 


alternating form. Suppose that F is a finite field and suppose that the disjoint 
Sp(V)-orbits of (A?V)* are yee) uP) Then 


ara) 


(3) = |(A3V)*| < mlSp(V)| < mIF 


m <|F 


a 
It follows that m = |F “s +O(”*) Because of the sheer growth, a general classifi- 


cation of SAA’s seems impossible. 
We end this section by looking at all the SAA’s of dimension up to 4. It is 


clear that the only SAA of dimension 2 is the abelian one. Furthermore, it is 


easily seen that apart from the abelian one there is only one SAA of dimension 
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4 that can be described by the following multiplication table. (see [19]). 


@t% = 0 
yiy2 = Yi 
L: my = 22 
T1Y2 = —@1 
ry, = 0 
Layo = O 


The presentation is thus (x1y1, y2) = 1. As we said before there is a close connec- 
tion between SAA’s over the field GF(3) of three elements and a certain class of 
2-Engel groups, and in [19] the SAA’s over GF(3) of dimension 6 were classified. 
There are 31 such algebras of dimension 6 of which 15 are simple. None of the 31 
has a trivial automorphism group. We would like to mention here also the work 
of Atkinson [3] who in his thesis looked at alternating ternary forms over GF(3) 


in order to study a certain class of groups of exponent 3. 


2.2 Nilpotent Symplectic Alternating Algebras 


Definition 2.10. A symplectic alternating algebra L is nilpotent if there exists 


an ascending chain of ideals Jp,..., J, such that 
l= h<-<i,=L 


and I,L < I,-, for s = 1,...,n. The smallest possible n is then called the 


nilpotence class of L. 


Definition 2.11. More generally, if J) < 1, <--- < I, is any chain of ideals of 


IN IN 


L then we say that this chain is central in L if [,D < J,_, for s =1,...,n. 


Remark 2.12. Equivalently we have that L is nilpotent of class n > 0 if n is the 


smallest non-negative integer such that L"t' = {0} or equivalently Z,(L) = L. 


Another interesting property is that any SAA that is abelian-by-nilpotent must 
be nilpotent. 


Proposition 2.13 ([17]). Let L be a SAA. If L is abelian-by-(nilpotent of class 


<n) then it is nilpotent of class at most 2n + 1. 
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Proof. Let I be an abelian ideal of L such that L/I is nilpotent of class at most 

n. Then L”*! < J. But this is equivalent to saying that 0 = (Z"*1. L"*1, L) = 

(L°*1 L-L---L) = (L, L?"*?) and L is nilpotent of class at most 2n + 1. 
ee 


n+1 


Notice that this result is however not true if we assume that our algebra is 
nilpotent-by-abelian. The the non-abelian SAA L of dimension 4 still provides a 


counter example 


Example. [17] Consider 


LL = 0 


Y1y2 = —-YV1, 


the only nonabelian SAA of dimension 4 over a field F. Notice that 


Z(L) = Faro, L? = Z(L)* = Fa, + Feo + Fy. 


Notice that (Z*)? = {0} and thus L is nilpotent-by-abelian. However L is not 


nilpotent as yy} = (—1)"y, for any integer n > 1. 


21 


CHAPTER 3 


| 


GENERAL THEORY 


3.1 Introduction 


Here we develop a structure theory for nilpotent SAA’s. As we said before some 
general theory was developed in [19] and [17]. We will describe some general 
results that in particular lead to specific type of presentations that we call later 
nilpotent presentations. All algebras with a nilpotent presentation are nilpotent 
and conversely any nilpotent algebra will have a nilpotent presentation. We will 
also focus on the algebras that are of maximal class and we will see that their 


structure is very rigid. 


The lack of the Jacobi identity means that many properties that hold for Lie 
algebras do not hold for SAA’s. As the following example shows, it is not true in 
general that the product of two ideals is an ideal. That example also shows that 


the formula L'L’ < L’*? does not hold in general. 


Example. Consider the 12-dimensional SAA which has a standard basis 


L1, Y1, C2, Y2, £3, Y3, C4, Y4, 25, Y5, Le, Ye Where 


(3Y5, Ye) = (x2Y4, Yo) = (X1Y4, Ys) = (yi Yo, Y3) =1 
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and (uv,w) = 0 if u,v,w are basis elements where {u,v,w} € {{x3, ys, ye}, 


{X2, Ya, Yoh, {21, Y4, Ys}, {Y1, Y2, y3}}. Notice that this implies that 


T3Y5 = Lo, T1Y4 = U5, Y2¥3 = L1, 

T3Y6 = —L5, T1Y5 = ~L4, Yas = —Y1, 
T2Y4 = XE, Y1Y2 = 73, Ya¥6 = —Y2, 
T2Y6 = —V4, Yi¥3 = —X2, YsYVe = —Y3- 


From this one sees that 


I? = Feet Fas +--+ + Fa, + Fy. + Fy + Fys, 
I? = Feet Fars +--+ + Fa, 
[A = Faget Fas + Fra, 
L> = 0, 
[L?L? = Far3+Fro + Fay. 


In particular L is nilpotent of class 4, L?L? is not an ideal and L?L? « L’. 


This example indicates that SAA’s do differ from Lie algebras. We are going 
to see in the following sections that there are some shared properties but the 
next lemma, underlines the difference by showing that the two classes of algebras 
do not have many algebras in common when the characteristic is not 2. In fact 
only the SAA’s that are obviously Lie algebras are there, namely those of class 


at most 2. 


Lemma 3.1. Let L be a SAA where char L 4 2 and L is either associative or a 
Lie algebra. Then L? = {0}. 


Proof. Let us first assume that L is associative. We then have 


0 = (xyz — xyz), t) = (a, tzy — t(yz)) = (@, tzy — tyz) 


for all x,y, z,t € L. It follows that tzy = tyz = —ytz for all t, z,y € L. Using this 
last property repeatedly we get that 


LYZ = —ZLY = YAU = —Lyz 
and thus 2ryz = 0 for all x,y,z ¢ L. As char L # 2, it follows that L°® = 0. 
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Now suppose L is a Lie algebra. We then have 
0 = (xyz + yza + zxy,t) = (a, tzy — t(yz) — tyz) = 2(x, tzy — tyz). 


As char L ¥ 2, it follows again that tzy = tyz for all t,z,y ¢ LZ and this implies 
again that L° = {0}. 


One handicap that the SAA’s have is that when J is an ideal then L/J is in general 
only an alternating algebra as there is no natural way of inducing an alternating 
form on this quotient. For example simply for the reason that the quotient can 
have odd dimension. There is however a weaker form of a quotient structure that 
we can associate to any ideal J of L that works. Thus for any ideal J we have 
that (J+ + I)/I is a well defined SAA with the natural induced multiplication 
and where the induced alternating form is given by (u+ J,v + J) = (u,v) for 
u,v € I+. The reader can easily convince himself that this is well defined and 
that (([+ + I)/I)+ = 0. This algebra is also isomorphic to I+/(I 4 I+) that has 


a similar naturally induced structure as a SAA. 


Remark 3.2. There are some familiar facts for Lie algebras that do not reply on 
the Jacobi identity and remain true for SAA’s. Such properties are particularly 
useful as we can use them when dealing with quotients L/I where we only know 
that the resulting algebra is alternating. For example L? has co-dimension at 
least 2 in any nilpotent alternating algebra L of dimension greater than or equal 
to 2. From this and the duality given in Lemma 2.8, it follows immediately that 
the dimension of Z(L) is at least 2 for any non-trivial nilpotent SAA which is 


something that we will also see later as a corollary of Lemma 3.138. 


3.2 Symplectic Alternating Algebras 


Remark 3.3. Let U,V be subspaces of L. Notice that 
UV =0e(UV,L) =0e (UL,V) =0SUL<V-. 


In other words we have that U annihilates V if and only if it annihilates L/V*+. 


This is useful property that we will be making use of later. 


Lemma 3.4. Let I and J be ideals ina SAA L. We have that I. L < J if and 
only if I. J+ = {0}. In particular L™ - Z(L) = {0}. 
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Proof. From the property given in last remark, we know that J annihilates L/J 
if and only if J annihilates J+. The second part follows this, the fact that L™ 
annihilates L/L’"*+!, and the fact that (L™+1)+ = Z,,,(L). 


Remark 3.5. It follows in particular that I. I+ = {0} for any ideal I. In 
particular any isotropic ideal is abelian. Notice also that the property L™Z,,(L) = 
{0} is equivalent to the fact that Z,,(L) annihilates L/Zm—1(L). 


Remark 3.6. We have seen in the introduction that it 1s not true in general that 
DL) < L**), As (L™)+ = Z,_1(L), we however have that 


PE < Lb @ (UD, Z,4;1(L)) = 0 (24;-1(D), L) =0 
> L'Zi4;-1(L) < Z;-1(L). 


The obvious fact that L"L < L™*! thus gives us the interesting fact from last 
lemma that L™Z,,(L) = {0}. 


Lemma 3.7. Let I be an ideal of L. Then IL < I* if and only if I is abelian. 


Proof. We have that I annihilates J if and only if J annihilates L/I*. 


Remark 3.8. As I is an ideal we have in fact that IL < I+ if and only if 
IL<IaI*. Here I AI is the ‘isotropic part’ of I. 


Lemma 3.9. Let I,J be ideals of a SAA L and letxe L. We have Jx < I if 
and only if Ita < J+. 


Proof. We have that Jax < I is equivalent to (uz,v) = 0 for allue J and ve It. 


But this is equivalent to saying that (vz, u) = 0 for all ue J+ andue J = (J+) 


and this is the same as saying that Itz < J+. 


In particular we have that 

(Of = los ip Stee Sb 
is an ascending central chain if and only if 

Leh si Sra S40} 


is a descending central chain. 
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Proposition 3.10. Let L be a SAA. No term of the upper central series has 
co-dimension 1. Equivalently, no term of the lower central series has dimension 
1. 


Proof. The first fact is a well-known fact about alternating algebras and follows 
from the fact that if A is an alternating algebra then A/Z(A) cannot be one- 
dimensional. Now the interesting second statement is a consequence of this and 
the duality (Z")+ = Z,_1(L). 


From the last proposition we know that no term of the lower central series of a 
SAA can be 1-dimensional. Next proposition shows that some of terms of the 


lower central series cannot be 2-dimensional. 


Proposition 3.11. Let L be a SAA we have that dimL™ 4 2 for2<m<4. 


Equivalently Z,,(L) is not of co-dimension 2 ifl1<m<3. 


Proof. We first prove that dim L? 4 2. We argue by contradiction and suppose 
dim L? = 2. Then 


2= dim L’? = dim Z(L)+ = dimL — dim Z(L). 


Suppose L = Z(L) + Fu+ Fv. Then L? = Fuv, which contradicts dim L? = 2. 


Next we turn to showing that dim L? 4 2. We argue by contradiction and let L 


be a counter example of smallest dimension. We first notice that Z7(L) must be 


isotropic as otherwise L = [6+ for some 2-dimensional ideal J = Fu+Fu < Z(L) 
where (u,v) = 1. But then M = J+ isa SAA of smaller dimension where M3 = L? 


is of dimension 2. This however contradicts the minimality of L. We can thus 


assume that Z(L) is isotropic. Notice that 


2 = dim L* = dim Z,(L)+ = dim L — dim Z,(L). 


Say, L = Z.(L) +Fxr+ Fy. Then L? = Z(L) + Fry and, as Z(L) is isotropic 
and ry € L? = Z(L)*, L? is isotropic. Thus L? < (L?)+ = Z(L) and we get the 
contradiction that L* = {0}. 


It now only remains to deal with L*. For a contradiction, suppose that dim L* = 
2. Then 
2 = dim L* = dim Z3(L)~ = dim L — dim Z;(L). 
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Say L = Z;(L) + Fu+ Fv. Then L? < Z(L) + Fuv and using the fact that 
Zo(L) - L? = {0} we get 


L?. 1? < (Z,(L) + Fuv)- L? = Fuv- L? < Fuv - (Z,(L) + Fuv) = F(uv) (uv) = 0. 


Thus 0 = (L, L?- L*) => (L?, L?) = 0 = (L4, L) = 0, that gives us the contradic- 
tion that L* = {0}. 


Example. Let L be the nilpotent alternating algebra with presentation 


(We only list the triples that have non-zero value) 


jee (x2y3, Ya) =7, (r1y2, y3) = 1, (y1y2, Y4) =i 


Then inspection shows that dim L° = 2. The bound 4 in the last proposition is 


therefore the best one. 


3.3. Nilpotent Symplectic Alternating Algebras 


We next see that, like for Lie algebras, all minimal sets of generators have the 


same number of elements and we can thus introduce the notion of a rank. 


Definition 3.12. Let L be a nilpotent SAA. We say that {x1,...,2,} is a min- 
imal set of generators if these generate L (as an algebra ) and no proper subset 


generates L. 


Lemma 3.13. Let L be a nilpotent SAA. Any minimal set of generators has the 


same size which is dim L — dim L?. 


Proof. Let x1,...,x, € L and let M be the subalgebra of L generated by these 
elements. It suffices to show that L = M if and only if 2,+L?,...,2,+L? generate 
L/L? as a vector space. Suppose first that L = M. Notice that M = Fr, +--+ + 
Fr, + Mc L? and thus it is clear that L/L? is generated by x; + L?,...,2, + L? 


as a vector space. Conversely suppose now that the images of 7,,...,2, in L/L? 


generate L/L? as a vector space. An easy induction shows that 
i Wei, Ls = Me + pet! 


for all integers s > 1. If the class of L is n, we get in particular that DL = 
M+LI™1=M. 
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Definition 3.14. Let DL be a nilpotent SAA. The unique smallest number of 


generators for L, as an algebra, is called the rank of L and is denoted r(L). 


By last lemma we know that r(L) = dim L — dim L”. This has the following 


curious consequence. 


Corollary 3.15. Let L be a nilpotent SAA. We have r(L) = dimZ(L). In 
particular if L # {0} then dim Z(L) = 2. 


Proof. From Lemma 2.3 we know that Z(L) = (L?)+. Therefore 
r(L) = dim L — dim L’ = dim (L”)* = dim Z(L). 


Finally, we cannot have r(L) = 1 as then we would have that L is one-dimensional. 
Hence dim Z(L) > 2. 


Lemma 3.16. Let I,J be ideals of a nilpotent SAA where I < J. If dimJ = 
dimI +1 then I < J ts central. If I 1s an ideal such that dimI < 2n = dimL 
then there exists an ideal J such that dim J = dimI +1. If furthermore I is an 


isotropic ideal and dimI <n then J can be chosen to be isotropic. 


Proof. Suppose J = I+ Fz for some x € L. Let y € L. To show that I < J is 


central, it suffices to show that x-y € I. Suppose that xy = u, + ax for u, eI 


andaeéF. As I< L it follows by induction that ry” = u, + a"x for some u, € I. 


If L is nilpotent of class at most m it follows that 0 = u,, +a” and hence a = 0. 


For the latter part suppose first that J is any ideal such that dimJ < 2n. Let 
m be the largest positive integer such that L™ « I. Pick ue L™\J. Then 
J = 1+ Fu is the required ideal such that J < J is central. Now suppose fur- 


thermore that J is isotropic and that dimJ < n. Then J+ is also an ideal and 
I < I+. Let m be the largest non-negative integer such that J+ L---L < I. Let 


m 


ue I+L---L\I and again the ideal J = IJ + Fu is the one required. 


m 


Lemma 3.17. Let L be a nilpotent SAA with ideals I, J where J =I+Fa+Fy, 
(x,y) =1 andFr+Fy < I+. Then JL <I. Furthermore if I is isotropic then 


J is abelian. 


Proof. As J is an ideal of L and as (t,x) = 0 for all t €¢ L we have that J + Fax 
is an ideal of L. By Lemma 3.16 we have that J < J + Fz is central. Similarly 
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I < 1I+4Fy is central and thus JL < I. For the second part notice that if I is 
isotropic then J = Ja J+ thus JL < I = Ja J+ and by Lemma 3.7 it follows 
that J is abelian. 


Lemma 3.18. Let L be a nilpotent SAA. Every ideal I of dimension 2 is con- 


tained in Z(L). Equivalently, every ideal of codimension 2 must contain L?. 


Proof. The second statement is a trivial fact that holds in all nilpotent alternating 


algebras. The first statement is a consequence of this and that duality given by 
r<Z(LeP=Z(L) <r. 


Remark 3.19. Suppose that L is any nilpotent alternating algebra such that L/L? 
is 2-dimensional. Then it follows immediately that the dimension of L?/L° is at 
most 1 and that the dimension of L?/L* is at most 2. Using this general fact and 
Proposition 3.10 one can quickly show that all nilpotent SAA’s of dimension up 
to 4 must be abelian. This is clear when the dimension is 2. Now suppose that L 
is a nilpotent SAA of dimension 4. We know that dim L/L? > 2. If dimL? = 2 
then by the reasoning above, we would have that dimL? = 1 that contradicts 
Proposition 3.10. By that proposition we neither can have that dim L? = 1. Thus 


we must have L? = 0 and L is abelian. 


A Useful Inequality. Let LZ be a nilpotent SAA. Then 


dim Z;(L) — dim Z;_,(L) < =(dim Z;_,(L) — dim Z;_2(L))(dim Z;_,(L)+ 


Nl Re 


dim Z,_9(L) — 1). 


Proof. Let V; be the complement of L'*! in L’. Then 


LT? 2: Vor 
L = Vi0V,0::-8V,OL" 
U, = YieMws:::GYV;j. 


Thus it follows that we have 


dimU; = dim (L't!)+ = dim Z,(L). 
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Now calculation gives that 


V; apart = LT? = Lob = (Vi-4 OL\(Uji_1 @ L') 
= ViUj1+ E"! 


and we see that we have 


dim V; <dim Vi-1(Uj_-2 + Vi-1) 


< (dim Vj_1)(dim U;_2) + (“ — 


2 


It follows that 


dim Z;(L) — dim Z;_,(L) < =(dim Z;_,(L) — dim Z;_2(L)) (dim Z;_,(L)+ 


Nl eR 


dim Z,_»(L) — 1). 


In particular as dim L' — dim Lit! = dimLit'* — dimL* = dim Zi(L) - 
dim Z;_;(L), thus equivalently we have that 


Theorem 3.20. Let L be a nilpotent SAA of dimension 2n > 2. There exists an 


ascending chain of isotropic ideals 
{O}J=Ip< I<: <Ihi<tIn 


such that dimI, =r forr =0,...,n. Furthermore, for 2n > 6, I+_, is abelian 


and the ascending chain 
(OS Ty ee hee Te ayes Ie eT ae fy 


is a central chain. In particular L is nilpotent of class at most 2n — 3. 


Proof. Starting with the ideal Jj = {0}, we can apply Lemma 3.16 iteratively to 
get the required chain 
{O}H=In< I<: < hh. 


By Lemma 3.18 we have that Jy < Z(L). By this and Lemma 3.16 we thus have 
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that the chain 
Io < Ip < Ig < +--+ < Iy_-i 


is central in L. By Lemma 3.9 it follows that the chain 


L aq begs pl. 
| Senet om ewer ec AP Oak a 


is also central. It is only remains to see that [,_1 < I;4_, is central and that I> , 


is abelian. As I+_, = I,_1 + Fx + Fy for some x,y € L where (x,y) = 1 and as 


I,—1 is isotropic, this follows from Lemma 3.17. 


Remark 3.21. When dimZ(L) = r < n, we can choose our chain such that 
I, = Z(L). We then get a central chain 


y Pa cit BO ee ci tec =e PUR om Rae x eee ce ed 


In particular the class is then at most 2n — 3 — 2(r — 2) = 2n—2r +1. 


Presentations of nilpotent symplectic alternating algebras. Last theo- 
rem tells us a great deal about the structure of nilpotent SAA’s. A moments re- 
flection should convince the reader that we can pick a standard basis x1, y1, 2, yo, 


.ee52n; Yn Such that 


I= PL n, In = Ft, + Fon Jip ete ee Ft, feet + Px, 


=[,+¥Fy, io = In + Fy + Frye, ..., Jo =L=1,+Fyt---+ Fyn: 


n 


Now let u,v,w be three of the basis elements. Since J, is abelian we have that 
(uv, w) = 0 whenever two of these three elements are from {x,...,%,}. The fact 
that 

COP Tee tee, 


is central also implies that (x;y;,y,) = 0 if i > k. So we only need to consider 
the possible non-zero triples (xiy;, yx), (YiYj, Ye) for l\<i<j<k<n. For each 
triple (i,j,k) withl <i<j<k<n, let a(i,j,k) and G(i, 7, k) be some elements 
in the field F. We refer to the data 


P: (eiyj, Yn) = (4, 5,k), (yyy, ye) = BG,9,k), l<i<j<k<n 


as a nilpotent presentation. We have just seen that every nilpotent SAA has a 
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presentation of this type. Conversely, given any nilpotent presentation, let 


I, = Pee Pn, fe ae ci r 


and we get an ascending central chain of isotropic ideals {0} = Ip <  <-:- <I, 


such that dim J; = j for 7 = 1,...,n. By Lemma 3.9 we then get a central chain 
0 teat eee treat coe Ar ol bai oe meaner ce eae Caw 


and thus L is nilpotent. Thus every nilpotent presentation describes a nilpotent 


SAA. 


Remark 3.22. Notice that there are 2(3) parameters for these presentations. 
If F ws a finite field this thus gives the value lF|2(3) as the upper bound for the 


number of 2n-dimensional nilpotent SAA’s over the field F. Armed with this 


information it is not difficult to get some good information about the growth of 


nilpotent SAA’s over a finite field F. Let V be a 2n-dimensional vector space over 


F and consider (A°V)*. After fixing a standard basis for V, each presentation of 
a SAA corresponds to an element in (A?V)*. Now let N be the subset of (A°V)* 
corresponding to all nilpotent presentations. The number of nilpotent SAA’s of 


dimension 2n is the same as the number of Sp(V)-orbits of (A°V)* consisting of 
Sp(V) 


presentations that give nilpotent algebras. Suppose these are u 
Then 


Py ea rere 208 


Nec LJ usr) 
i=1 


and thus 2G) = |N| <m-|Sp(V)| < m-|F ('") These calculations show that 


the number of nilpotent SAA’s 1s 


n3/3+O(n?2) 


iQ 


= 
| 


3.4 The structure of nilpotent symplectic alter- 


nating algebras of maximal class 


We have seen previously that nilpotent SAA’s of dimension 2n have class at most 
2n — 3. For every algebra of dimension 2n > 8 this bound is attained. As well 
as demonstrating this we will see that the structure of these algebras of maximal 


class is very restricted. 
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Let L be a nilpotent SAA of dimension 2n > 8 with an ascending chain of 
isotropic ideals 
{O}=Ib<<---< th, 


where dim J; = j for j = 1,...,n. 


Theorem 3.23. Suppose L is of maximal class. Then 
1B) = Z(L), is = Z2(L), a) : a 7 L929 13); 


Pee) dB) we Teepe 


n— n— 


Furthermore Zo(L), Z1(L),...,; Zen—3(L) are the unique ideals of L of dimensions 
0,2,3,...,.n—-1,n4+1,n+2,...,2n—2,2n. 


Proo,- Lietaly =A0 hy Haly sence Seg he ST ge ody 
I}, Jon-3 = L. By Theorem 3.20, the chain Jo < J, <--- < Jon_3 is central. We 
argue by contradiction and let z be the smallest integer between 1 and 2n — 4 
where J; < Z(L). Let ue Z;(L)\ J; and let k be the smallest integer between i 
and 2n — 4 such that u € Jp4,. Then 


Jp < Jp + Fu < Spat. 


If Jeii/J, has dimension 1 it follows that J,., < Z,(L) and we get the contra- 
diction that the class is at most 2n — 4. We can thus suppose that J;,41/J, has 
dimension 2 and there are two cases to consider, either k = n — 2 or k = 2n — 4. 


In the former case we have 


1 ee Gl 


which implies that J = [,,_; + Fu is an isotropic ideal of maximal dimension n. 
As u € Z,_2(L), we have that [,,2 < I is centralised by L. By Lemma 3.9 it 


follows that I < I+, is also centralised by L and we get a central series 


LOS pee lg dy nee ge PN eh ae etiee L eo ae 


of length 2n—4 and we get again the contraction that the class is less than 2n —3. 
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Finally suppose that k = 2n — 4. So we have 


Ty < Ixy +Fu<L 


and u € Zon,_4(L). Now let v e L\ (I+ + Fu). Then L = J} + Fu + Fu and 
L? = (It + Fu)L < Zon_5(L). Hence L < Zon_4(L) that again contradicts the 


assumption that L is of class 2n — 3. 


We now want to show that these terms of the upper central series are the unique 
ideals of dimensions 0, 2,3,...,2 -—l1,n+1,n4+2,...,2n —2,2n. First let I be 
an ideal of dimension 2. By Lemma 3.18 we have that J < Z(L) and as we 
have seen that Z(L) has dimension 2, it follows that J = Z(L). Now suppose 
that for some 2 < k < n—2 we know that Z;,_,(L) is the only ideal of dimen- 


sion k. Let J be an ideal of dimension k + 1. As FL is nilpotent we have that J 
contains an ideal J of dimension k. By the induction hypothesis we have that 
J = Z,-1(L) and as I/J is of dimension 1 we have that I < Z;,(L). We have 
that Z;,(Z) has dimension & + 1 and thus J = Z;,(L). We have thus seen that 
there are unique ideals of dimensions 0, 2,3,...,n — 1. Now let J be an ideal of 
dimension i € {n+1,n+2,...,2n—2,2n}. Then J+ is an ideal whose dimension 


is in {0,2,3,...,2 —1}. By what we have just seen J+ is unique and thus J as 


well. 


Remark 3.24. (1) In particular it follows that Z(L)+ = Zon—3-z(L) for 0 < 
k < 2n— 3. 


(2) As Lk = Z,_,(L)+, it follows that L,L?,...,L°"~? are the unique ideals of 


dimensions 2n, 2n — 2,2n —3,...,n+1,n—1,n—2,...,2,0. Also 
1S Feet) = en eh, 


Remark 3.25. Let L be any nilpotent SAA of dimension 2n > 6 with the property 
that dim Z(L) = 2. Notice that Z(L) must be isotropic since otherwise we would 
have a 2-dimensional symplectic subalgebra I within Z(L) and we would get a 
direct sum I@I* of two SAA’s. As I+ has non-trivial center this would contradict 
the assumption that Z(L) is 2-dimensional. Now L has rank 2. Suppose it is 
generated by x,y. Then L is generated by x,y, xy modulo L® and thus dim Z2(L) = 
dim (L)\+ = dimL — dim L? = 3. 
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The complete list of ideals of L. We have seen that there is a unique ideal 
of dimension k& for any 0 < k < 2n apart from k = 1,k =n and k = 2n—1. 
Let us now turn to the remaining dimensions. Now every ideal of dimension 1 
is contained in Z(L) and conversely every subspace of dimension | in Z(L) is an 
ideal. 


Next consider an ideal J of dimension 2n — 1. Then J+ is an ideal of dimen- 


sion 1 and is thus any subspace of dimension 1 such that 
(OP Slee Zp) 
Equivalently, J is any subspace of dimension 2n — 1 such that 
PSA) at 2410S 1, 


Finally consider an ideal J of dimension n. Since L is nilpotent there exists 
an ideal J of dimension n + 1 containing J. By last theorem we have that 
J =L""!= Z,_»(L)+. Also I contains an ideal of dimension n — 1 that we know 
is Z,-2(L). Thus 

yee CN eran aac ee CO) ea 


We also know from our previous work that Z,-2(Z) is an isotropic ideal of di- 


mension n — 1. J is thus an isotropic ideal of the form 


Zn—2 (L) + Fu 


For some u € Zp_o(L)* \ Zp_o(L). Conversely, as Zp_o(L)'L < Zp_o(L) we 
have that for any intermediate subspace J of dimension n between Z,,_2(L) and 
Zn—2(L)+, I is an ideal. 


We thus have a complete picture of the ideals of L. 


We now focus on the characteristic ideals. It turns out that there are as well 


always characteristic ideals of dimension 1,n and 2n — 1 when 2n > 10. 


Remark 3.26. Notice that if I is a characteristic ideal then the ideal I+ is also 
characteristic. To see this let @ be any automorphism of the SAA L and let 


aeIt. As ¢ is an automorphism we have that ¢(a) € o(1)+ = I+. 
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Theorem 3.27. Let L be a nilpotent SAA of dimension 2n > 10 that is of 


maximal class. L has a chain of characteristic ideals 
tO Tee Tate ee eo eee Sd; 


where for0O<k <n, Ip is isotropic of dimension k. 


Proof. By Theorems 3.20 and 3.23, we know that we can get such a chain of 
ideals where all the ideals apart from J,,/, and I,_; are characteristic. We 
want to show that we can choose our chain such that [,,/,, and Ig,_, are also 


characteristic. Let 71, 41,.--,2n,Yn be a standard basis such that 


Li = ey al Fact Sle ae on ea 


forl <k <n. Then [gly = F&p—3yn—2 is a characteristic ideal. We claim 


that this is non-trivial. Otherwise ©p_3Yn—2 = 0 and then (r,_3U, Yn—2) = O for 


all u € L that implies that x,_3L < Fx, + Fr,_, and we get the contradiction 


that r,-3 € Z(L) = 13. Thus we have got a characteristic ideal of dimension 1, 
namely IyJ+ = Z3(L)- L?. Notice that we are assuming here that n > 5. From 


this we get that (I,J+)+ is a characteristic ideal of dimension 2n — 1. 


It remains to find a characteristic ideal of dimension n. We know that L” = 
Pt, t+ P21 +++: +Fro, LX 1 = It, =Fr,+---+Fr,+Fy and L?? = [1 ,= 
I+, + Fy. As L"-! = L"-?. L it follows that L” + Fr, + Fy, = (£°-! + Fy)L 
and thus 


D+ Fey + Bay = f+ YyoL. 


Thus there exist u,v € L such that you + LY = 4, + L” and you + L” = y, + L”. 
Then 
(you, 21) = 0, (you, yi) #0, (yov, 21) #0, (you, y1) = 0. 


Equivalently 
(r1y2,u) = 0, (riy2,v) #0, (yiy2,u) #0, (yry2,v) = 0 


and this implies that 2 yo, y,y2 are linearly independent (something that will also 


be useful later). Consider next the 2-dimensional characteristic subspace 


LPL"? = Friyo + Fyry. 
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Notice that L”-'L"-? < I,_2. Let k be the smallest positive integer between 1 
and n—3 such that L?-1L"-? < Inag1. Let J = L"-1L"-*nAI,. Then dim J = 1 and 


there is a unique one-dimensional subspace Fu of Fx,+Fy, such that FuL”~? = J. 


Now J = J,_1 + Fu is the characteristic ideal of dimension n that we wanted. 
Notice that I = {x € Ing1: tInzo < J}. 


Remark 3.28. Jf L is a nilpotent SAA of dimension 8 that is of maximal class 
then there is no characteristic ideal of dimension 1. The reader can convince 
himself of this by looking at the classification of these algebras given in the next 


chapter. 


Corollary 3.29. Let L be a nilpotent SAA of maximal class and dimension 
2n > 10. The automorphism group of L is nilpotent-by-abelian. 


Proof. Consider a chain of characteristic ideals as given in the last theorem 
LOS uh eS re Sd SO og Se ee 


Consider the ordered basis (%p, @n—1,---,21, Y1,---+;Yn) associated with this chain, 


that is I, = Far, + Fa,_; +--+ + Frnii_z. As the ideals in the chain are all 


characteristic we see that the matrix of any automorphism with respect to that 


ordered basis will be upper triangular. The result follows. 


We next move on to presentations of nilpotent SAA’s of maximal class. Suppose 


L is any nilpotent SAA with a presentation 
P: (2:5, Ye) = ijk, (Y¥s, Ye) = Biz, Li<j<k<n. 


We would like to read from the presentation whether the algebra is of maximal 


class. This turns out to be possible. 


Theorem 3.30. Let L be a nilpotent SAA of dimension 2n > 8 given by some 
nilpotent presentation P. The algebra is of maximal class if and only tf Xp—2Yn—1, 


Ln—-3Yn—-2, --. , Lay3 are non-zero and x1Yy2, yry2 are linearly independent. 


Proof. Let us first see that these conditions are necessary. Suppose that L is of 


maximal class. In the proof of Theorem 3.27 we have already seen that x,y2 and 


y1Y2 must be linearly independent. As before we let J, = Fr, +--:+ Fay ii_p. As 
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In-2 € Z(L), we have (%n_-2Yn-1, Yn) # 0 and thus Fp_2Yn_-1 # 0. As the terms of 


the central chain 
Fea opr reecaare areca (Oe tare) oat cay ee eae ay aa fs 


are the terms of the lower central series, we know that (4, = I, for 2<k < 
n —2. Thus we have for 3 <k <n-— 2 that 


Tp-a + Fop—pyi = Ue + Fan_x)L. 


From this it follows J,_1+Fap,_p41 = Ip-1+%n_,L. In particular there exist u € L 
such that Ip: + Un—e41 = Ip-1 + Un—xu. It follows that 0 4 (an_ZU, Yn—k41) = 


—(Ln—KYn—k4+1,U). Hence tn_—¢Yn—h+1 is non-zero for 3<k<n-—2. 


Let us then see that these conditions are sufficient. We do this by showing that 
TS Pd dS ST, oli Iga = Tye, Agee de ad IG RH AG, wey de 
I;L, Ixy = IyL. This is sufficient as this would imply that L?"-3 = In # 0 
and thus L is nilpotent of class 2n — 3. Firstly as r,_2Yn_1 #4 0 we have that 


(Ln—2Yn—1, Yn) # 0 and thus I3L = rp_gl = Fr, + Frp_1 = In. Now suppose we 
have already established that I, = [p41 for all 2 << k <mwhere2<m<n-3. 
Then 


Im+oh > ti ae En m 1)L = ten + Ln—m-1° L 


AS Zn—m—1Yn—-m # 0 we have (Lp_m—1U, Yn—-m) = —(Ln—m—1Yn—m; U) # 0 for some 
u € L and thus ImioL = Im + @nem—-1L = Im + F&nem = Im41. We have thus 
established by induction that 


an Lt eee ea OT 52 


We next show that eases = [,_,. As x1y2 # 0 we have that there exist u € L 
such that 0 4 (x1y2, u) = —(a1U, ye) and 


(hae = (ie 1+ Fa, + Fy, )L = [,-9 + Fro = Ip-1. 


Next we show that J+ ,L = I+_,. As x,yo, y1y2 are linearly independent there 


exist u,v € L such that 
(z1y2,u) = 0, (x1y2,v) #0, (yry2,u) #0, (yiy2,v) = 0 


38 


Chapter 3. General Theory 


and thus 


(you, 1) = 0, (you, y1) £0, (yov, 21) #0, (yov, x1) = 0. 


Hence 


Lh — (ey + Fy) L = Ini t+ Py L = Ipn-1 + Fx4 + Pyy = igen 


nr 


Now suppose that we have established that [zx ,L = Ii form+1<k<n-1 
where 3< m<n-—2. AS Lp—mYn—-m+1 # 0 it follows that there exists u € LZ such 


that OS (Gs teet  = Cataeitletaam)s—Lbus 


Leah i Che a Vim) = ea oF Vaasa = 0) + Yn n= i. 


It now only remains to see that fae = i But this follows from x,_2Yn_1 4 0 


that implies that (%—1Yn; En—2) = (f@n—2Yn—-1, Yn) # 0. Thus 


IL = (Uy + Fyn_1 + Fyn)E = 13 + (Fyn. + Fyn)L = Ig + Fyn_2 = If. 


This finishes the proof. 


Remark 3.31. /n particular it follows that for each 2n > 8 there exist a nilpotent 
symplectic alternating algebra of maximal class. One just needs to choose the 


presentation such that the conditions from Theorem 3.30 hold. One possibility is 


P: (Ln—2Yn—1; Yn) = —I, (Ln—3Yn—2) Yn) _ =], rr) (L243, Yn) = =, (X1Y2, Yn) = =a 
(Y1¥2) Yn—1) = —1. 


In fact the conditions are not a strong constraint. In particular the values of 
(xij, Yk), (YYs, YR) Where 7 —1 > 2 can be chosen freely. The number of such 
triples is aoe) that is a polynomial in n of degree 3 with leading coefficient 1/3. 


Let F be any finite field. By a similar argument as we used for determining the 
growth of nilpotent SAA’s we see that the number m(n) of nilpotent SAA’s of 


maximal class satisfies 


n3/3+O(n?) 


m(n) = |F 


Remark 3.32. (1) Let L be a nilpotent SAA of dimension 2n > 10 that is of 


maximal class and consider a chain {0} = Ip <+-- < In of characteristic ideals 
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where I, is of dimension k. We have, for4<m<n-1, 


ae rl 
yD isa = E@Un41—mYn+2—-m 


and thus we get that Fxoy3, Fr3ya,..., Fan—3Yn—2 are one-dimensional character- 


istic subspaces of L. Also, 


Gears bea = Fryy2 + Fyiye 


is a characteristic subspace. So is I+I+_, = Faxyypo. 


(2) If V is a characteristic subspace of dimension d then we get a chain of char- 


acteristic subspaces 


Val<Vonly 


IN 


ie VAI Vv Ad eee hide SV 


Thus there is a chain of characteristic subspaces Vi < V2 <--- < Vg where V; 1s 


of dimension i. 


40 


CHAPTER ——_______-4 
— SYMPLECTIC ALTERNATING 
ALGEBRA OF DIMENSION 2n < 8 


The classification of the nilpotent SAA’s of dimensions at most 8 is implicit in 
[17] although this is not done explicitly and the context there is a more general 
setting. To demonstrate the machinery that we have developed we will offer a 


much shorter approach here. Throughout this chapter we will be working with 


an arbitrary field F. 


We have observed earlier that nilpotent SAA’s of dimensions 2 or 4 must be 


abelian. 


4.1 Algebras of dimension 6 


Let L be a non-abelian nilpotent SAA of dimension 6 with a nilpotent presenta- 


tion P. There are at most two non-zero triple values 


(X1Y2, Y3) = 4, (Yi Yo, Y3) = b. 


As L is non-abelian, one of these must be non-zero and, by replacing 71, y; by 
—Yy1, 1 if necessary, we can assume that b 4 0. Replacing then x3, y3 by bx3, 7Y3 
implies that we can further assume that (y1y2, y3) = 1. Finally replacing 71, y; by 


XL, — ayi, yi and we can also assume that (21y2, y3) = 0. Apart from the abelian 
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algebra, there is thus only one algebra of dimension 6 with presentation 


pen > (ye, ¥3) = 1. 


(We will normally only write down those triples where the value is non-zero). 


4.2 Algebras of dimension 8 


First suppose that Z(L) is not isotropic. We can then choose our standard basis 
such that J = Fry + Fy, < Z(L) and we get a direct sum J 6 I+ of SAA’s of 


dimensions 2 and 6. From 4.1 we then know that apart from the abelian algebra, 


there is only one such algebra L = Fa4+ Fa3+ Faro+ Far, + Fy, + Fyo + Fy3 + Fy, 


with presentation 
5,1 
PA >: (yrys, ys) = 1. 


We then turn to the situation where Z(L) is isotropic. Let us first see that 
dim Z(L) 4 4. We argue by a contradiction and suppose that dim 7(L) = 4. Pick 


a standard basis such that Z7(L) = Fa, + Far3 + Fro + Fx,. Now L is not abelian 


and thus (yiy;, yz) # 0 for some 1 <i <j <k <4. Without loss of generality, we 


can suppose that (yiy2,y3) = 1. Suppose now that (yiye, y4) = a, (y2ys, ys) = 6 
and (y3¥1,y4) = c. Let ys = ys — by, — cy2 — ay3. Inspection shows that y4 


is orthogonal to L? = Fyyy2 + Fyoy3 + Fysy. + Fay. + Fyayo + Fyay3. Thus 
ya € (L?)+ = Z(L) and we get the contradiction that dim Z(L) > 5. Thus we 
have shown that dim Z7(L) 4 4 and as dim Z(L) is always at least 2, we have two 
cases to consider: dim Z(L) = 3 and dim Z(L) = 2. 


4.2.1 Algebras with an isotropic center of dimension 3 


We can choose the standard basis such that 


Z(L) 


P= Z(L)+ = Feat Fag + Fao + Fr, + Fy. 


Fx, + Far3 + Fx 


By Theorem 3.20, we know that L? = L?L < Z(L) and by Propositions 3.10 and 
3.11 we must then have L® = Z(L). As x, ¢ Z(L), we must have (x1y;,y;) 4 0 
for some 2 <i <j < 4. Without loss of generality (x yo, y3) # 0. By replacing 


Y4,¥1 by ys + a%1,y1 + ax,4 for a suitable a, we can assume that (yoy4, y3) = 0. 
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Let V = Fy + Fy3 + Fys. Now (yoy3, ys) = 0 and L? = Z(L) + Fr, + Fy. As 


L = L?+V it follows that V? = Fr, + Fy, and as V? is not isotropic we must 


have that some two of yoy3, y4y3, Yoya are not isotropic. Without loss of generality 


we can suppose that these are yoy3 and ysy3. By replacing y4, x4 by ays, tr4 for 


a suitable a € F, we can furthermore assume that (yoy3, yay3) = 1. Thus 


Fr, + Fy, = Ve Fyoy3 + Fysys 


and yoys = ayoy3 + bysy3 for some a,b € F. It follows that (y2+ by3)(y4—ay3) = 0. 


Now replace yo, y4, 23 by yo + by3, ya — aYy3, 3 — bX_ + ax, and then replace xj, y; 


by yoy3, yay3- It follows that we get a new standard basis where 


Y2y3 = X1, Yays = Y1, Yoya = O. 


This implies that the only non-zero triples are (y1y2, y3) = 1 and (2 y3, ys) = 1. 


There is thus only one possible candidate here, the algebras L with presentation 


pe > (yiy2,y3) = 1, (e143, 4) = 1. 


Conversely, one sees by inspection that 7(L) = Fa4+F23+F 22 and this candidate 


is a genuine example with dim Z(L) = 3. 


4.2.2 Algebras with an isotropic center of dimension 2 


We know that the class of L is at most 2-4 —3 = 5 and thus L° < Z(L). 
Let k be the smallest positive integer 2 < k < 5 such that L* < Z(L). As 
dim L* < 2, it follows from Proposition 3.11 that k = 5. Hence L is of maximal 
class and by Theorem 3.23 can choose our standard basis such that, we get ideals 
I, = Fag+--++ Fvaii_~, k = 0,...,4 where 


(0 Sp a, Soe ie eee 1ST 
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is a central series with I, = Z(L) = L®, I3 = Zo(L) = L*, It = Z3(L) = L? and 
Ix = Z4(L) = L?. Thus we have 


i= Bh \ "| 
L3} Y3 

L* = Z(L) | xo | yo Ll? = Z4(L) 
T1111 LF = Z3(L) 


By Theorem 3.30 we furthermore have that x y2, y;y2 are linearly independent 


and thus a basis for Z(L) = Fr4+Fa23. We can now pick our standard basis such 


that r1y2 = v4 and yy2 = 13. As £2 ¢ Z(L), we also have that (r2y3, ys) # 0. 
This means that we have the non-zero triples (r1y2,y1) = 1, (yiye,y3) = 1 
and (2243, y4) = r #0. The only remaining triples that are possibly non-zero are 
(x13, Y4), (y1ys, ys) and (yoy3, ys). Replacing x1, y; and y2 by 21—ax2, y;—bx2 and 
Yo + ay, — bx, — CX for suitable a,b,c € F, we can assume that these extra triples 


are zero. We can thus choose our basis so that our algebra L has presentation 


pee (r) : (x23, Ya) =7, (X1Y2, Y4) =1, (yi Yo, Y3) = 1. (4.1) 


We finally need to sort out when, for r,s €¢ F* = F\ {0}, the two presentations 


po (r) and pe 3) (s) describe the same algebra L. We will see that this happens 


if and only if s/r € (F*)®. To see that this is a sufficient condition, suppose 


we have an algebra L that has a presentation Pe) (r) with respect to some 


R*. 


standard basis 71, y1, X2, Y2, £3, Y3, 24, ya. Suppose that s = ar for some a € 
Let 21 = 21, Hi = 1, £2 = AX2, Ho = yo, £3 = +23, Ys = ays, 4 = 224 and 
Y4 = ay4. Inspection shows that L has presentation Pea) 3) (s) with respect to the 
new basis. It remains to see that the condition is also necessary. Consider the 
algebra L with presentation pee (r) and take an arbitrary new standard basis 
£1, Yi, £2, Y2, £3, Y3, La, Ys Such that L satisfies the presentation Pe) 3) (s) for some 
s € F*. We want to show that s/r € (F*)?. Now 


Y3 = ays + by, + u, 
Ya = cy3 + dyg + v, 
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for some u,v € L? and a,b, c,d € F where ad — bc # 0. As dim L? — dim L? = 1 it 


follows readily that L?L? < L* and it follows that 


Y3Yay3 = (ays + bys) (cy3 + dys) (ays + bys) + w, 
YsYays = (ay3 + bys) (cys + dys) (cys + dys) + 2, 


for some w,z € L*. As L® = 0 we have that L* is orthogonal to L? and thus in 


the following direct calculations we can omit w and z. We have 


—s* = (§3¥193, Y3yays) = —(ad — bc)*r?. 


Hence s/r € (F*)?. 
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Part Il 


The Classification of nilpotent 
SAA of dimension 10 


INTRODUCTION 


This part will be mostly about extending the classification of nilpotent SAA’s 


to algebras of dimension 10. Throughout this part we will be working with an 


arbitrary field F. The classification depends strongly on the field we are working 


with. When the field is algebraically closed we will see that there are 22 such 
algebras of dimension 10. Over the field GF (3), where there is a 1-1 correspon- 


dence with a class of powerful 2-Engel 3-groups, there are 25 algebras. 


We will first consider the case when the center of L is not isotropic as then 


we can use our classification of algebras of lower dimension. 


By a similar argument as in the previous chapter we see that L is a direct sum 
of an abelian algebra Fx; + Fy; of dimension 2 and an algebra of dimension 8. 
Our classification of the latter yields that we get the following presentations for 


algebras of dimension 10 with non-isotropic center: 


7,1 
OW = (yryo, ys) = 1. 
5,1 
OY : (yiy2, y3) =1, (x1Yy3, Y4) =1. 
41 
oF (r) > (xoys, ys) =7, (€1y2, ys) = 1, (yy, y3) = 1, 


where Qi9°)(r) and Qi9‘4(s) describe the same algebra L if and only if s/r € 


(F*)?. 


We now turn into the case where the center Z(L) is isotropic. We have that 
dim Z(L) is between 2 and 5. Thus we have 4 cases to deal with in the following 
4 chapters. 


CHAPTER 5 


eee 


ALGEBRAS WITH AN ISOTROPIC CENTER OF 
DIMENSION 5 


Let L be a nilpotent SAA of dimension 10 with an isotropic center of dimension 


5. We can then choose a standard basis 71, y1, V2, Yo, 3, Y3, La, Ya, L5, Ys Such that 


Z(L) = Fes + Fry + Fos + Fre + Fry. 


Here 21, Y1, V2, Yo, £3, Y3, a, Ya, Ls, Ys Will be determined later such that some fur- 
ther conditions hold. The elements y,...,y5 are not in Z(L) and without loss of 
generality we can assume that (yiy2,y3) = 1. Now suppose that (yiy;, ys) = ai; 
and (yj, Ys) = Bi; for 1 < i,j <3. Replacing 2, ©, %3, ys, ys by 


Ly = X1 + A934 + Pots, Ya = Ya — A42Y3 — A23Y1 — 3142, 


Lo = L2 + a31L4 + 3314s, Ys = Ys — Pioys — Bosyr — Bsiye, 


£3 = L3 + Ayo%4 + Bi2Ks, 


We can assume that our standard basis has the further property that (y;y;, ys) = 
(yiy;,¥s) = Oforl <i < j < 3. As yy ¢ Z(L), we know that one of 
(yi¥a, Ys), (Y2¥4, 5), (Y3Y4;, Ys) is non-zero. Without loss of generality we can as- 
sume that (yiya, ys) = 1. The only triples whose values are not known are then 
OQ = (Yo¥a, Y5) and 8 = (y3ya, Ys). Replacing 1, yo, y3 by £1 = 21 +0%2+ Bx3, Yo = 
Yo—-QY1, 93 = y3— Pyi, we get a new standard basis where the only nonzero triple 
values are (y1Y2, y3) = 1 and (y1y1,Y5) = 1. We have thus proved the following 


result. 
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Proposition 5.1. There is a unique nilpotent SAA of dimension 10 that has 


isotropic center of dimension 5. L can be described by the nilpotent presentation 


pay > (yiya,¥3) = 1, (yi¥4,¥5) = 1. 
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|. ables WITH AN ISOTROPIC CENTER OF 
DIMENSION 4 


The situation here is far more complicated and we will need to consider several 
subcases. Let LZ be a nilpotent SAA of dimension 10 with an isotropic center of 


dimension 4. We can pick our standard basis such that 


Z(L) = Fes + Fry + Fr3 + Foo. 


Then 


? = Z(L)* = Z(L) + Fr, + Fy 


and by Lemma 3.17 we know that L? = L?L < Z(L). As L? € Z(L) we have 
L® ¥ {0} and by Propositions 3.10 and 3.11 we then have that 3 < dim L? < 4. 
We will consider the cases L? < Z(L) and L? = Z(L) separately. 


6.1 The algebras where L? < Z(L) 


In this case we can choose our basis such that 
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U5) Ys 
i Tal Ya L? = Fxs + Px, + Pr3 
r3| Ys Z(L) = L?+Fry 
Z(L) X21 Ye Z2(L) i = Z(L)~ = ie + Fx + Fxy + Pyy 
Z2(L) = (L3)> = Z(L) + Fa, + Fy, + Foe 
Z1 Yi i= Z(L)~ 


Notice that, as Z(L)- L? = {0}, we have that Z(L) is abelian and thus in 
particular r1y2 = yiyo = 0. As Z2(L) is an abelian ideal we also have that 
Z»(L)L is orthogonal to Z2(L) and thus Z,(L)-L < Z(L)*+ = L*. It follows that 


Pro + Fry + Fy + L? = L* = Fysyq + Fyzys + Fysys + L’. 


Suppose 
m+ = aysys + By3ys + Vyays + ae 


Now at least one of a,(,y is nonzero and by the symmetry in y3, y4, ys we can 
assume that a 4 0. Thus 


ty + L? = (y3 — ys)(oys + Bys) + L*. 


2x4 + 223,93 = ys — 2Y5, 9a = 


ay1+ Bys, we can then assume that 22+ L? = y3y,+ L?. In particular (y2y3, ya) = 


By replacing 24,25, y3, ya by £4 = 124, £5 = 25 


1. Suppose that (y3y4, ys) = 7. Replacing x, ys by 2 = r2+725 and Ys = Y5—TYy2 


we can furthermore assume that (y3ya, ys) = 0. If we let V = Fy3 + Fy, + Fys, it 


follows that we now have 


V2 =Fro+Fe, + Fy, and ysy4 = Xo. (6.1) 


By (6.1) we know that 


XL, = aysya + Bysys + VYaYs = AL2 + Bysys + Vays, 
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where without loss of generality we can assume that y 4 0. Then 


B 
1 = (ya t+ 5 U3) (—0Ms + ys). 


Replacing 73,25, y4, Ys by 73 = v3 Era Ae S25, £5 = +25, U4 =e bys anal 
Y5 = —ay3 + Yys5, we obtain 
Yays = V1. (6.2) 
Notice that (6.1) is not affected by these changes. Finally we know from (6.1) 
and (6.2) that 
Yl = —AX2 — Bry + Yysys 


for some 0 4 y € F. Then 


re 
Yi = (Ys + 5 Ua) (Ys + Bys). 


Now replace 3,4, 43,5 by #3 = 53, #4 = t4— $25 — 5s, Js = Us + Bys and 
Js = ys + Sys. This gives us 


Y5¥3 = Y1- (6.3) 


This does not affect (6.2) but instead of (6.1) we get y3y, = ya2. Now we make 
the final change by replacing x2 and y2 by ya2 and 52 and we can assume that 
(6.1), (6.2) and (6.3) hold. We had seen earlier that Z2(L) is abelian and thus all 
triple values involving two elements from {25, 14,23, 2,01, Y1, Y2} is trivial. Thus 
all the nontrivial triple values involve two of y3, y4, ys but from (6.1), (6.2) and 


(6.3) we know what these are. We have thus proved 


Proposition 6.1. There is a unique nilpotent SAA of dimension 10 that has an 
isotropic center of dimension 4 and where L? < Z(L). This algebra can be given 


by the nilpotent presentation 


Pe? > (yoys, ys) = 1, (yy, Ys) = 1, (@1y3, Ys) = 1. 


Remark 6.2. Inspection shows that the algebra with that presentation has a 
center of dimension 4 and the property that L° < Z(L). 
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6.2 The algebras where L* = Z(L) 


We will see that this case is quite intricate and we will need to consider several 


subcases. 
U5) Ys 
L 
L3 = wi) 4] Ya 
L3) Ys 
LQ} Yo 


a y|22=Z(LyY =L* = ZL) 


Z(L) = [> = Fes + Fr, + Fr; + Fro 
I? =Z(L)* = Z(L)+ Fai t+ Fy 


3 
S 
I 


In order to clarify the structure further, we will associate to any such algebra 
a family of new alternating forms that are defined as follows. For each z = 
2+ Z(L) € L?/Z(L), we obtain the alternating form 


622 L/L? * L/L? =F 


given by 
oz(t, 0) = (zu, v) 


where t = u+ L? and tv =v+ L?. Notice that this is a well defined function as 


L? is abelian. 


Remark 6.3. (1) [f0 4 7 = 2+ Z(L) € L*/Z(L), then oz # 0. Otherwise 
we would have (zu,v) = 0 for all u,v € L that would give the contradiction that 
z€Z(L) and thus z = 0. 


(2) There is no non-zero element in V = L/L? that is common to the isotropic 
part of V = L/L? with respect to all the alternating forms dz with z € L?/Z(L). 
Otherwise there would be some 0 4 t € Fys + Fys+ Fy3 + Fyo such that (zt, u) = 0 
for all z€ L? and allue L. But then ut € (L?)+ = Z(L) for all ue L that gives 
the contradiction that t € Zo(L) = L?. 


We divide the algebras into three categories. 
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A. The algebras where there exists a basis Z,¢ for L?/Z(L) such that the al- 


ternating forms @z, ¢; are both degenerate. 


B. The algebras where there exists 0 4 Z € L?/Z(L) such that ¢z is degener- 
ate but ¢; is non-degenerate for all f € L?/Z(L) that are not in Fz. 


C. The algebras where ¢z is non-degenerate for all 0 4 z € L*/Z(L). 


6.2.1 Algebras of type A 


Pick z1,y, € L?\Z(L) such that ¢;, and ¢,, are degenerate and such that 
(v1,y1) = 1. By the remarks above we thus know that the isotropic part 
of L/L? with respect to both the alternating forms ¢,;, and ¢,, is of dimen- 
sion 2 and the intersection of the two is trivial. Thus we can pick a basis 


95 = 95+ 1? 9 = ys + 1’, 93 = 93 + LD’, = yo t+ L’ for L/L* such that 


Fy, + Fys is the isotropic part of L/L? with respect to d,,. 


Fy3 + Fy is the isotropic part of L/L? with respect to Py; 


This shows that we can pick our standard basis such that 


(r1y2, 43) = 1 (yiy2, y3) = 0 
(142,44) =0 — (yry2, ya) = 0 
(r1y2, Ys) = 0 (y1Y2, Ys) = 0 
(r1y3,y4)=0  (y1ys, ys) = 0 
(71Y3,Y5)=9  (41Y3,Y5) = 0 
(1Y4,¥5)=90 (M194, Ys) = 1 


To determine the structure fully we are only left with the triples (yiy;, yx) = rijk 
for2<1<j<k <5. Let 


Yo = Yer 4X1 + AY, 
Ly = GM- (Q2X2 + A3%3 + A4v4 + 5X5), 
Yr = Yr t ag®g + A303 + A4X4 + 5X5. 
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Inspection shows that we can choose a2,...,a5 such that (gi¥;,Y,) = 0 for all 
2<i<j<k<5. In fact this works for ag = —1ro45,0a3 = —1345,Q4 = —T234 and 
Qs = —1o35. We have thus proved the following result. 


Proposition 6.4. There is a unique nilpotent SAA of dimension 10 with an 
isotropic center of dimension 4 and where L? = Z(L) that is of type A. This 


algebras can be given by the presentation 


PO) = (eryo,y3) = 1, (yryas ys) = 1- 


Notice that inspection shows that the algebra with this presentation indeed has 


the properties stated in the proposition. 


6.2.2 Algebras of type B 


Suppose that ¢,;, is degenerate and that the isotropic part of L/L? with respect to 


this alternating form is Fy,+Fy;. We are now assuming that @z is non-degenerate 
for all z ¢ Fx,. Pick y, € L? such that (21, y,) = 1. 


Remark 6.5. We must have ¢,,(Y1,Y5) = 0. Otherwise we would get a basis 
Y2, 93, Ya, Ys for L/L? such that 


by, (Ya, 95) = 1, by, (¥2, 93) = 1, be, (Yo, 93) = a #0 


and where $y, (Yi, Yj) = 9 and likewise oz,(¥i,¥;) = 0 for any pair ¥;,y; such that 
2<i<Jj <5 that ts not included above. But then inspection shows that oay,—x, 


is degenerate where the corresponding isotropic part of L/L? is Fy + Fy3. But 


this contradicts our assumptions. 


We thus know that ¢,, (4, ys) = 0. As dy, is non-degenerate we know that there 


exists some J € L/L? such that 
by, (Ya, Ya) = 1. (6.4) 


Replacing ys and y3 by some suitable y;+ay4 and y3+Gy4+yy2 we can furthermore 


assume that 
by (Yo, ¥5) = dy (Ys, Ys) = Oy, (Yo, Ys) = 0. (6.5) 


As @,, is non-zero we must have ¢,,(Y2,y3) # 0 and by replacing y3 by a multiple 
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of itself we can assume that 
bx, (Yo, ¥3) = 1. (6.6) 


Notice that this does not affect (6.4) and (6.5). As dy, is non-degenerate we 
cannot have that 73 is isotropic to all vectors in L/L? with respect to this alter- 
nating form. Thus by (6.5) we must have @¢,, (¥3, ys) # 0 and by replacing y5 by 


a multiple of itself we can assume that 
by (Ys, Ys) = 1. (6.7) 


Again equations (6.4), (6.5) and (6.6) are not affected. We thus see that we can 


choose a standard basis such that 


(r1Y2,¥3) =1 — (Yrye, 3) = 0 
(Z1Ys, ys) = (yi¥2,¥4) = 1 
(r1Y2,Y5)=90 (Ye, Ys) = 0 
(r1y3,y4) =9  (yry3, ys) = 0 
(71Y3, Ys) = (y1y3,Y5) = 1 
(xiya,Ys)=0 — (yry4,ys) = 0 


As in case A we are only left with the triples (y:y;, yx) = Tijx for all 2 <i<j< 


k <5. As in that case we let 


Yo = Yt ar + ay, 
ty = X- (Q2X2 + A3%3 + W404 + A525), 
Yro= Yrt aw + a3%3 + A4X4 + 5X5. 


Inspection shows that we can choose a2, @3,a4,@5 such that (y¥;,Y¥_) = 0 for 


2<i<j<k<5. We thus get the following result. 


Proposition 6.6. There is a unique nilpotent SAA of dimension 10 with isotropic 
center of dimension 4 where L? = Z(L) and L is of type B. This algebra can be 


given by the presentation 


43 
Ps > (x1y2,y3) = 1, (ye, y4) = 1, (y1ys, ys) = 1. 


Proof. We have already shown that this algebra is the only candidate. Inspection 


shows that conversely this algebra has isotropic center of dimension 4 and L? = 
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Z(L). It remains to see that the algebra is of type B. Thus let r ¢ F. We want 
to show that ¢,z,+,, is non-degenerate. Let t = ay2 + By3 + yya + dys such that 
brin+y (E, &) = 0 for all G ¢ L/L? where t =t + L?. Then 


0 = brary (t, Ys) = B 

0 = dre, (t, Ja) = 

0 = brei+ a(t, 73) =Ta—-—d=—6 

0 = brn+n(t, 92) = —7B -Y = —-¥ 


Thus ¢ = 0. 


6.2.3. Algebras of type C’ 


Here we are assuming that ¢, is non-degenerate for all 0 4 z € L?/Z(L). Let 
L be any nilpotent SAA of type C. Notice that L?/Z(L) = L?/(L?)+ naturally 
becomes a 2-dimensional symplectic vector space with inherited alternating form 
from L. Thus (u+ Z(L),v + Z(L)) = (u,v) for u,v € L?. We pick a basis x, y 
for L?/Z(L) such that (x,y) = 1 and then choose some fixed elements x1, y; € L? 
such that © = 7% =2, + Z(L) andy =% =y + Z(L). For any vector ue L/L? 
we will denote by (u)t the subspace of L/L? consisting of all the vectors that are 
isotropic to u with respect to ¢z,. Likewise we will denote by (u)+ the subspace 


of L/L? consisting of all the vectors that are isotropic to u with respect to d,,. 


Definition 6.7. We say that a subspace of L/L? is totally isotropic if it is isotropic 
with respect to ¢, for all z € L?/Z(L). 


Lemma 6.8. For each 0 4 ue L/L? there exists a unique totally isotropic plane 


through u. 


Proof. We know that (u)} and (u)y are 3-dimensional. Thus if they are not equal 
then 


4 = dim (Cut + (uy) = dim (u)t + dim <u) — dim ((uyz 7 (u)p). 


Therefore dim ((u)¢ A (u)3) = 6 — 4 = 2. Thus the collection of all the elements 
in L/L? that are isotropic to u with respect to @, for all z € L?/Z(L), namely 


urt rm (urs, is a plane. 
1 2 
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It remains to see that (u)t # (u)z. We argue by contradiction and pick a 
basis u,v, w for this common subspace and add a vector ¢ to get a basis for L/L. 
By replacing x, by some suitable 7; + ay,, we can assume that ¢,;,(u,t) = 0. But 


then u is isotropic to all elements of L/L? with respect to ¢, that contradicts 


the assumption that ¢,, is non-degenerate. 


The alternating forms ¢, with z € L*/Z(L) will help us understanding the struc- 
ture of algebras of type C’. We will next come up with a special type of presen- 
tations for algebras of type C’ based on the geometry arising from the family of 


the auxiliary alternating forms. 


Let L be an algebra of type C. As a starting point we pick two distinct to- 
tally isotropic planes P;, P, < L/L? and we pick some non-zero vector J on P,. 
By Lemma 6.8, we have that P, 0 P, = {0} and thus L/L? = P, ® Py. Now 
(Y2)7 is 3-dimensional and contains P,. Thus (y)t A P, is 1-dimensional and 


not contained in <3 by Lemma 6.8. Thus there is unique vector ys ¢ Py where 
ba (Y2, Ys) = 0 and oy (Y2, 95) = 1. 


P 


Py 


Similarly we have a unique element y3 € P, such that ¢,,(Y2,y3) = 0 and 
bx, (Yo, 93) = 1. By Lemma 6.8 we have <ys5)y_ # <y3)3. Thus there exists a 
unique y4 € P, such that dy, (94,5) = 0 and ¢,,(y¥3, y4) = 1. Notice also that 
be, (Ya, Ys) # 0 and that yo, 73, 4, Ys form a basis for L/L. It follows from the 


discussion that, for some a, G € F with 6 4 0, we have 


ba (Y2, 93) =1 by (Y2, 93) = 0 
ba (Y2,Y4) =9 by (Yo, Ya) = 0 
ba (92,95) =9 by (Ya, Ys) = 1 (6.8) 
ba (Y3,Y4) =& by (Ys, Ys) = 1 
b,(93, 95) =9 by (93,95) = 0 
be (Ys, V5) =B Op (Ya, Ys) = 0 
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The matrix for the alternating form @¢,,+sy, with respect to the ordered basis 


(Ye, Y4; YB, Ys) is then 


0 0 1 0 0 0 0 1 
0 0 -—a £B 0 0 -1 0 
r +8 
—] a 0 O 0 1 0 
0 —£6 0 O —-1 0 0 


with determinant (Sr? + ars +s*)?. As we are dealing here with algebras of type 
C this determinant must be non-zero for all (r,s) 4 (0,0). Equivalently we must 
have that the polynomial 

Pt+at+B 


is irreducible in F[t]. Using this and (6.8) we will now obtain a full presentation 


for our algebra. As before we are only left with the triples (y:y;, y,) = rijx for 
2<1<jy<k <5. We will see that we can choose a standard basis such that 
mt+Z(L)=2, y+ Z(L)=y and y+ L? = 9g; for 2 <i <5. It turns out that 
we do not have to alter our basis elements 15,..., 2% of the center. We do this 


with a change of basis of the form 


1 = U- (Q2X2 + A3%3 + A404 + A525), 
Yi = Yr (Q2%2 + a3x3 + Ag%4 + A525), 
Yio = Yet Or, + ayy. 


Inspection shows that the equations (%j¥;,y,) = 0,2 <i<j<k <5 are 


—1 - Q3 —135 
fa on |[Z] > [om] 
Caed~ si ag 7 —1934 
PP alba” Lome 


Notice that we cannot have that a + 6+ 1 = 0 since otherwise 1 is a root of 


equivalent to 


t?+at+ 6 that is absurd as the polynomial is irreducible. We thus have solution 


(Q2, 03, Q4,Q5) to the equation system and we arrive at a standard basis that 
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gives us the following presentation 


(z1y2,y3) =1, (yrye, ys) = 1, 
Py (a, 8): (x1ys,y4) =, (yrya, ys) = 1, (6.9) 
(21Y4, Ys) = B; 


where the polynomial t? + at + G is irreducible. Conversely, inspection shows that 
any algebra with such presentation, where t? + at + 8 is irreducible, gives us an 


algebra of type C. 


We next turn to the isomorphism problem. That is we want to understand 


when two pairs (a, () and (a, 2) describe the same algebra. As a first step we 


first prove the following lemma. 


Lemma 6.9. Let x,y be elements in L?/Z(L) such that (x,y) =1. We have that 
the values of a and GB remain the same for all presentations of the form PH) (a, £) 
where, for the given standard basis, x; + Z(L) = x andy, + Z(L) = y. 


Proof. Our method for producing a and 6 was based on choosing some distinct 
totally isotropic planes P,, P2 and some non-zero vector yz on P;. From this we 
came up with a procedure that provided us with unique vectors Yo, y4 € P, and 


Y3, Y5 € Py from which the values @ and { can be calculated as 


a= bx (Ys, Y4), B = a (Ya; Ys): 


We want to show that if 2, + Z(L), y, + Z(L) are kept fixed the procedure will 
always produce the same value for a and 3. As a starting point we will see that 


the values do not depend on which vector y from P;, we choose. We do this in 


two steps. First notice that if we choose v2 = aya for some 0 # a € F, then the 


procedure gives us the new vectors 73 = 1 ¥3, Ys = <5 and y4 = ay, and this 


gives us the values 


a = be, (V3, Y4) = ba, (+93, a1) =a, 
B = ba, (Ya, 5) = bx, (094, 295) = B. 


It remains to consider the change yg = Y4 + aya. Following the mechanical 
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procedure above produces the elements 


4 —B 2 GO. 

Us. = Peo gene 
2 a 7 1 a 

Y3 = ae ae ae 
Ys = —By2 + (a-—a)ya. 


Inspection shows that again we have @,, (3, y1) = a and (Ya, Ys) = B. 


We have thus seen that for a given pair P,, P, of distinct totally isotropic planes 
we get unique values a(P;, P:) and 6(P,,P:) not depending on which vector 
Y2 from P, we choose for the procedure above. The next step is to see that 
a(P2,P,) = a(P,, Pe) and B(P2,P:) = 6(P:,P2). So suppose we have some 
standard basis with respect to the pair P;, P2 that gives us the presentation 
Pia” (a, B). Now consider YJ = Y5,Y4 = By3 € Py and y3 = F Yas Vs = —2 € Pi. 
Inspection shows that this is standard basis for the pair P:, P; and 


a(P2, Pi) = bu, (¥3, 94) = bu, (FV, Bs) = a(Pr, Pr) 
B( Po, Pi) = be (Ya, 5) = Ga, (C¥3, —Y2) = B(Pi, Po). 


Now pick any totally isotropic plane P3 that is distinct from P,, P2. The aim is 
to show that a(P3, P2) = a(P;, P2) and 8(P3, Py) = B(P,, P2). Take any basis for 
P3. This must be of the form wu; + v1, Ug + vg with uy, U2 € P, and v1, v2 € Py. 
Notice first that wu; + P2,u2 + P, are linearly independent vectors in P; + P»/P». 
To see this, take a,b € F such that 


Py = au, + bug + Py = a(uy + v1) + b(ug + v2) + Po. 


Then a(uz + v1) + b(u2 + v2) € Po m1 P3 = {0}. As the vectors uy + v1, U2 + v2 
are linearly independent it follows that a = b = 0. In particular we can choose 
our basis for P; to be of the form yg + u, Y4 + v with u,v € P2. Inspection shows 
that for yo = yo + u,y4 = Ya + v © Ps and 43, ys € Po we have a standard basis 
with respect to the pair P;, P,. Furthermore the corresponding parameters are 


Oa (%3, Y4) =a and OA (4, Ys) = p. 


We have now all the input we need to finish the proof of the lemma. Take 


any four totally isotropic planes P,, Pz, P3,P, in L/L? such that P, # P, and 
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P; # Py. If these planes are not all distinct then we get directly from the 
analysis above that a(P3,P,) = a(P,,P2) and 6(P3,P1) = B(Pi,P2). Now 
suppose the planes are distinct. Then a(P3, P;) = a(P,,P,) = a(P,, Po) and 
B( Ps, Ps) = B(Pi, Ps) = 6(Pi, Po). This finishes the proof of the lemma. 


If follows from the lemma that if we want to obtain a new presentation for some 
given algebra L, then we must choose different vectors x,y for L?/Z(L). We 
thus only need to consider a change of standard basis for L of the form 7; = 
ax, + by, Y, = cx, + dy, where 1 = (#1, 41) = ad — bc. Suppose that we have 
a presentation Pie) (a, 8) with respect to some standard basis £1, y1,..., 25, Ys 


and let 71, ¥, be given as above. Going again through the standard procedure 


with respect to P, = Fy. + Fya, Py = Fy3 + Fys and y2 € P, gives us the new 


basis 2, ¥3, Ys, 4 where 


Ys = —by3 + ays 

Y3 = dyz— cys 

ee —abe — Bac — bd _ m 1 7 
a Bc? + acd + d? 2 Bc? + acd + d? ae 


From this we can calculate the new parameters @ and 8 and we obtain the 


following proposition. 


Proposition 6.10. Let L be a nilpotent SAA of dimension 10 with an isotropic 
center of dimension 4 that is of type C. Then L has a presentation of the form 


(21Y2, 3) = A 
PY (a, B) : (x1Yy3, Y4) =a, (21Y4, Ys) = B, 
(yiy2,¥5) =1, (yrys, ys) = 1, 


where the polynomial t? +at+ 8 is irreducible in F[t]. Conversely any such presen- 


tation gives us an algebra of type C. Furthermore two presentations POV (a, B) 
and pee) (a, 8) describe the same algebra if and only if 


(ad + bc)a + 2acB + 2bd 
d?+cda+ 6 

b? + aba + a8 

d+ cdat+ 2B 


for some a,b,c,d€F where ad — bc = 1. 
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6.2.4 Further analysis of algebras of type C and some ex- 
amples 
In order to get a more transparent picture of the algebras of type C, it turns out 


to be useful to consider the case when the characteristic is 2 and the case when 


the characteristic is not 2 separately. 


Lemma 6.11. Let L be an algebra of type C over a field F of characteristic that 


is not 2. Then L has a presentation of the form PEN (0, B) with respect to some 


standard basis. 


Proof. By Proposition 6.10 we know that we can choose a standard basis for L 
so that LZ has a presentation of the form PH (a, G) with respect to this basis. 
Now leta =0,b=1,¢ 1 and d = a/2. Then ad — bc = 1 and by Proposition 


6.10 again we know that there is presentation for L of the form Pio) (a, B) where 


a = 0. 


Proposition 6.12. Let L be a nilpotent SAA of type C over a field F of charac- 


teristic that 1s not 2. Then L has a presentation of the form 


P(B):  (@1y2,y3) = 1, (ery, ys) = B, (yrye, Ys) = 1, (yiys, ya) = 1, 


where 3 ¢ —F?. Conversely any such presentation gives us an algebra of type C. 


Furthermore two such presentations P(3) and P(3) describe the same algebra if 
and only if 

8/8 = (a? +B)? 
for some (a,b) € F x F\ {(0,0)}. 


Proof. From Lemma 6.11 we know that such a presentation exists and the poly- 


nomial t? + @ is irreducible if and only if 6 ¢ —F?. By Proposition 6.10 we then 


know that P(0,(@) and P(0, 3) describe the same algebra if and only if there are 
a,b,c,d € F such that 


0=ac6+ bd, ad—be=1 


and 


Solving these together shows that these conditions are equivalent to saying that 
a by 2)2 
B= (3) B+a°)*B 
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for some a,b ¢€ F. As 3 is arbitrary, the second part of the proposition follows. 


Examples. (1) If F = C then there are no algebras of type C. This holds more 


generally for any field F whose characteristic is not 2 and where all elements in 


F have a square root in F. 


= 


(2) Suppose F = R. Here 8 ¢ —R? if and only if 6 > 0 in which case there 
exist a € R such that 8 = a‘. Hence, by Proposition 6.12, P(8) describes the 
same algebra as P(1). This shows that there is only one algebra of type C' over 


R that can be given by the presentation 


Pl): (rye, y3) = 1, (t1y4, 45) = 1, (yrye, Ys) = 1, (yiys,y4) = 1. 


(3) Let F be a finite field of some odd characteristic p. Suppose that |F| = p”. 


The non-zero elements form a cyclic group F* of order p” — 1 that is divisible by 


2. Thus there are two cosets of (F*)? in F* and 


Y= —(F*)? u BF"? 


2. 


for some 3 € F*. Suppose 6 = Bc isan arbitrary field element that is not in — 
As there are (|| +1)/2 squares in F we have that the set c—F? and 3F°? intersect. 
Hence there exist a,b € F such that c = a? + 626 and thus 8 = (a? + 0?8)28. 


Hence the situation is like in (2) and we get only one algebra with presentation 


P(B) : (2142, Y3) =1, (x1Y4, Ys) = B, (y1Y2, Ys) =1, (y1y3, Y4) = 1, 


P2 


where £ is any element not in — 


Remark 6.13. Let 3 € F that is not in —F? and consider a splitting field F[y| of 
the polynomial t? + 8 in F[t] where y? = —8. So a? +b?8 is the norm N(a+ 7b) 


of a+ yb that is a multiplicative function and thus 


G(B) = {(a* + 6°68)? : (a,b) € F x F\ {(0,0)}} 


is a subgroup of (F*)?. Let S = {GeF: 6? ¢ —F?}, we now have a relation on S 


given by 
B ~ B if and only if 8/8 € G(8) 


From Proposition 6.12, we know that this is an equivalence relation. We can also 
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see this directly. First notice that 


(a* + b°B)’ = (a + (b/c)*Be*)” 


for allc € F*. Hence G(8) = G(Gc?) for all c € F*. In particular we have that 
G(B) = G() if 8 ~ B. Let us now see that ~ is an equivalence relation. Firstly 


it is reflexive as B/B = 1 € G(8), the latter being a group. To see that ~ is 
symmetric, notice that G(3) = G(B) is a group and thus 6/8 € G(B) if and only 
if 8/8 E G(B). Finally to see that ~ is transitive, let a,G,d6¢€ S such that a ~ B 
and 6 ~ 6. Then G(a) = G(G) = G(d) and B/a,6/8 € G(a) implies that their 
product 6/a€ G(a). 


Let us now move to the case when the characteristic of F is 2. We first see that 


the algebras here split naturally into two classes. 


Lemma 6.14. Let L be an algebra of type C’ over a field F of characteristic 2. 
Then L cannot have both a presentation of the form PH (0 (0,8) and PH (a,7) 


where a # 0. 


Proof. We argue by contradiction and suppose we have an algebra satisfying 


both types of presentations. By Proposition 6.10 we then have 0 = (ad + bc)a = 


(ad — bc)a = a that contradicts our assumption that a 4 0. 


For the algebras where a = 0, the same analysis works as for algebras with 


char F ¢ 2 and we get the same result as in Proposition 6.12. This leaves us with 


algebras where char F = 2 and where a ¥ 0. Notice that Proposition 6.10 tells 
us here that PEX (a , 2) and Pie) 4) (a, 3) describe the same algebra if and only if 


& a 
oo = d? + cda + 2B 
b? + aba + a?B 
d?+cda+ cB 


for some a,b,c,d € F where ad + be = 1. 


We don’t take the analysis further but end by considering an example, the fi- 
nite fields of characteristic 2. Let F be the finite field of order 2”. As a first 
step we show that we can always in that case, choose our presentation such that 
B = 1. To see this take first some arbitrary a and (@ such that L satisfies the 


qi" 


presentation pan (a, 3). The groups of units is here a cyclic group of odd 
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order 2” — 1 and thus (F*)? = F*. Now pick b € F* such that 6? = 8/a and let 
a=0,c=1/bandd=b. Then ad + be = 1 and 


S b2 


= Baa Big 


Thus we can assume from now on that 6 = 1. Now let 6 € F be arbitrary and 


leta=b4+1,c=bandd=b+1. Then ad + be = 1, 8 = 1 and @ = aha. 


The number of such values of @ is 2"~! that gives us all possible values such that 


t? + at + 1 is irreducible (easy to count the number of reducible polynomials of 
the form ¢? + ut + 1 is 2-1). We thus conclude that there is only one algebra of 
type C’ in this case. 
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CHAPTER / ———______ 
| abaalieas WITH AN ISOTROPIC CENTER OF 
DIMENSION 3 


In this chapter we will be assuming that Z(L) is isotropic of dimension 3. First 


we derive some properties that hold for these algebras. Here throughout 


Z(L) = Fr;+ Fr, + Fr3 
L? 


Z(L) + Faro + Fr, + Fy + Fy. 


Lemma 7.1. Z(L) < L?. 


Proof. Otherwise Z)(L) = (L3)+ « Z(L)+ = L?. Without loss of generality we 
can suppose that y3 € Z_(L)\ L?. As Z(L)-L? = {0}, we then have y3- L? = {0}. 
Now also xg-L? = {0}. Let a = (xoy4, ys) and B = (y3y4, ys). Notice that a, 8 4 0 
as %,y3 ¢ Z(L). But then 


((B8x2 — ay3)¥a, Ys) = 0 


that implies that Gaz — ay3 € Z(L). This is absurd. 


Lemma 7.2. dim L? > 5. 


Proof. Otherwise dim L? < 4 and as Z(L) < L? < L? = Z(L)* we can choose 


our standard basis such that Z7(L) = Fr; + Fr, + Fr3 and 


os < Fars + Far, + Fr3 + Fro. 
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This implies that Fr5 +Fr4+Far3+Fr2+Fr1+Fy < (L3)+ = Z2(L) and (notice 
that Z2(L) < L? as Z(L) < L?) L? = Z.(L)+Fy2 that implies that L? is abelian. 


Then for any x € L? and a,b,c e€ L, we have 


(x, abc) = —(x(ab),c) = —(0,c) =0 


and L® < (L7)+ = Z(L). Hence L? = Z(L) and Z.(L) = L?. Suppose L = 
Zo(L) + Fu; + Fug + Fu3. Then L? = Z(L) + Fuyug + Fuyu3 + Fugu and we get 
the contradiction that 4 = dim L? — dim Z(L) < 3. 


Lemma 7.3. If dim L® = 5, then L? is isotropic. 


Proof. Otherwise we can choose our basis such that L? = Fx; + Fr, + Fr3 + 
Fr; + Fy, and then Z.(L) = (L3)+ = Fas + Fag + Fr3 + Fro + Fye and as 
L?- Z,(L) = {0}, it follows that x,y2 = y1y2 = 0. Then L? is abelian and thus we 
get the contradiction that L® < Z(L). 


Lemma 7.4. Z(L) < L’ . 


Proof. We have seen that dim L® > 5. So we can choose our standard nilpotent 
basis such that either 


L? _ Fx; + Fa, + Fx + Fro + Fr 


or 


L? = Fes + Fra + Fr3 + Fro + Fr, + Fy. 


We consider the two cases in turn beginning with the first case. If Z(L) « L’, 
then dim Z(L) a L* < 2 and thus dim L? + Z3(L) = dim(Z(L) 4 L*)+ > 8. 
Suppose L = L?+ Z3(L)+Fu+Fv. Then L? = L?+ Z(L) + Fuv = L?+Fuv and 
we get the contradiction that dim L? < 5 +1 = 6. We now turn to the second 


case where L? = Frs + Fry + Fr3 + Fro + Fx; + Fy;. We argue by contradiction 


and suppose that Z(L) a L* < Z(L). Then we can choose our basis such that 


L‘ < Fas + Fry + Fre 


and Z(L) 0 L* < Frs + Fra. Now ys € (L4)+ = Z3(L) and as Z3(L) - L3 = {0}, 
it follows that 


L1Y3 = T2y3 = Yiys3 = 0. 
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It follows from this that x ,y2, y1ye, y3yo € Fxrs + Fry. Thus in particular these 


three elements are linearly dependent and we have (ax, + yi + yy3)y2 = 0 where 
not all of a, 8,y are zero. Then x2, ax; + by, + yy3 commute with all the basis 


elements except possibly y, and y;. Suppose 


(Z2Y4, Ys) = 7 
((ax, + By + yys)y4,Y5) = Ss. 


If r = 0 then we get the contradiction that x2 € Z(L) and if r 4 0, we get the 
contradiction that —srq + rar, + rBy, + ryy3 € Z(L). 


After these more general results we classify all the algebras where Z(L) is isotropic 
of dimension 3. We consider the two subcases dim L® = 5 and dim L? = 6 


separately. 


7.1. The algebras where dim L? = 5 


We have seen that L? must be isotropic and thus in particular we have that 
L? = (L°)+ = Z,(L) that implies that L* < Z(L). By Lemma 7.4 we thus have 
L* = Z(L). We have thus determined the terms of the lower and the upper 


central series 


EP oF U5) Ys 
Z(L) = L* =F 25 + Fr4 + Fr3 
L 
fe" | ary Zo(L) = L? = Z(L) + Fro + Fey 
v3) Y3 
Z3(L) = L? = Zo(L) + Fy: + Fye 
Aiea r | | eer 
T1141 


Remark 7.5. As L?- Z.(L) = {0} we see that x1y2 = 0. Now L? is not abelian 
as this would imply that L® < Z(L). It follows that yy # 0 and we get a one 


dimensional characteristic subspace 


L?. L? = Fyys. 
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Notice that y:y2 € Z(L). We choose our basis such that yyy2 = x5. We will also 


work with the 9 dimensional characteristic subspace 


V= (Ok ee = Fars + Fax, 4 Fag + Fao + Fa, + Pyy + PYyo + y3 + Py 4. 


As x1y2 = 0 we have that x,y3,71y4 L yo. AS yrye2 = 25 we also have that 
YiY3s Y1Ya L Yi, Ye and yoys, Yoya L y1, yo. It follows that 


V? + L* = (L? + Fy3 + Fys)(L? + Fy3 + Fys) + L* = Fyzya + L’. 


We consider few subcases. 


7.1.1 Algebras where V? < L? 


Notice then that y3y, € Frs and thus 213, roy3,2%1Ya, Toya € Fars. As L® = 


[4+ Fr + F2,, we have 


i 
iN 
| 


Ft + Fr,)(Fy3 + Fy, + Fys) = Fars + Froys + Fariys. 


Pick 25, ys, V2, 21, y satisfying the conditions above and let 
T4 = ~L2Y5, 03 = —X1Y5 


We can then extend #5, %4, £3, Y1, Ya, Ys to a standard basis v5, %4, 13, %2,X1, Y1, Yo; 
Y3, Ya; Ys Satisfying the conditions above. All triples involving both x; and yp are 


0. The remaining ones are 


( 
=a (Yaya, Ys 
( 


( 
= 0 (y2¥3, Y5 
( =7 


Y1Y3; Y5 
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Now let 


Y3 Y3 + AY — YY2 — SL — SYX3 — 8dX4 


Ys = Yat By — dys 


Z, = 441 —-—a0x%3— Bx4 
T2 = Ut VX3 + 0X4 
Y2 = Yo 8x3 


where s = r+ad— yy. One checks readily that we get a new standard basis with 


a presentation like the one above where @ = 8 =7 =) =7=0. 


So we arrive at a unique algebra with presentation 


(©1Y3, Ys) =1 
pe > (@eya, Ys) = 1 
(Y1Yo, Ys) =1. 


One can check that the center has dimension 3 and that L® has dimension 5. 
Also ((L? « L?)+)? = Fas < L*. 


7.1.2 Algebras where V? < L* but V? < L? 


Here we can pick our basis such that 


V2 4+ 04 = Fes + Fry + Fors + Fao. 


Notice that V? = Froy3 + Fray, and as (y344,02) = 0 we have that V? < Fas. As 
x2 ¢ Z(L), we furthermore must have that dimV? = 1. This means that there 
is a characteristic ideal W of codimension 1 in V such that x2W = V?2W = {0}. 


We choose our basis such that 


W =Fe, + Fa,4+ Fr3 + Fro + Fr, + yy + ya + Py3. 


It follows that we have a chain of characteristic ideals : 
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L? . L? ts} Ys L? : L? 
wt 
Ww V4) Ya V 

Zia 
Z(L) = i L3 Y3 W V? ah L* 
Vit le |y|Z(bD= A(L=L 
3 ia ge Vr OE 

Zo(L) = L V Puds 
2( ) T1441 ( ) 230) - L? 


Fx 5, 


Fars + Px4 


Fas + Px, + Fx 


Fars + Fx4 + 


Z(L) + Fro + Fay 


D+ Fy 


Zo(L) + Fy, + Fye 


Fx + Fx 


W=L?+Fy, + 
V= 13 +Fy, + 


We want to show that there is again a unique algebra satisfying these conditions. 


We modify the basis and reach a unique presentation. Notice that V?W = {0} 


and L? - Z,(L) = {0} imply that 
L1Y2 = Loy3 = 0. 
We have also chosen our basis such that 


Y1Y2 = U5. 


Notice next that xoy3 = 0 implies that xoy4 is orthogonal to y3 and y4 and thus 


L2Y4 = rxX5 where r must be nonzero as xq ¢ Z(L). 


ry4 and 144, we can assume that 


T2QY4 = U5. 


As y3y4 € V2 < L and as 2 yo = 0 we have that x,y4 is orthogonal to yp, ys, Y4- 


Thus x1y4 = ax; for some a € F. Replacing 71, yo by x1 — ax and yo + ay, we 


get a new standard basis where 


ryy4 = 0. 


Notice that the change in y2 does not affect (7.1). We next turn our attention to 
x 1y3. AS Yo = 0 and x,y, = 0, we have that x,y3 is orthogonal to y1, yo, ys, Ya 


and thus 2,y3 = rx5 where r is nonzero since x, ¢ Z(L). Be replacing y3 and x3 


f2 


By replacing yg and x4 by 


Fy + 


UY3 


yo + 


Fy3 + 


(7.1) 


(7.2) 


(7.3) 
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by ry3 and i753 we get 


L1Y3 = Ls. (7.4) 


Now we see, as yjY2 = %5 and ysy4, € L*+ V?, that y1y3 is orthogonal to yj, y2, y3 


and yy. Thus y,;y3 = axs for some a € F. Replacing y, by y; — ax; we can assume 
that 


yiys = 0. (7.5) 


As £1Y2 = 0 the change in y,; does not affect (7.1). From the discussion above 
we know that yyy is orthogonal to y1, yo, y3 and ys and thus y,y4 = ax5 for some 


aeéfF. Replacing y4, 22 by y4 — ayo, Lo + ax4, we get a new standard basis where 


yiys = 0. (7.6) 


These changes do not affect (7.2) and (7.3). As ysy4 € V? + L* but not in L* we 


know that (yoy3, ys) = r for some nonzero r € F. Suppose also that (y3Y4, ys) = a. 


Then y3y4 = 7X2 + avs. Replace x2 and ys by rg + S25 and ys — yo. Then 
Y3Ya = TL. (7.7) 
The changes do not affect (7.2). Then consider the triples 
(Yyo¥3,Y5) = 4, (Yo¥a, Ys) = 6. 
Replacing ys, 24,73 by ys — Sya + ous, 4+ S25 and x3 — ots we can assume that 
(yous, Ys) = (Yaya, Ys) = 0. (7.8) 
We have then arrived at a presentation where the only nonzero triples are 


(roy, Ys) = 1, (t1y3,¥5) = 1, (yrye, ys) = 1, (yoy, ys) = ©. 


o uf 1 1 rl 
Replacing 21, Y1, £2, Y2, 3, Y3, V4, Ya by pels TY1,T%2, 72) p38) TY3, TL, 7 U4) we get 
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a unique algebra with presentation: 


3 
PS 


,2) . 


Y2Y3, Ya 


Noe NN Ne 


One can easily check that conversely this algebra belongs to the category that we 


have been studying. 


7.1.3 Algebras where V? < L? but V? < L? 


Pick our basis such that 


Notice then that 


V+ = 


FX 5, + 


Fx 4 + 


Fx + 


Fx, + 


Fx 4 + 


Fx + 


CY 


fe es AL SY) GL? 


is a characteristic ideal of L. As y3y4 € V2 + L* we have that xoy3 1 ys and 


TVA 1 Y3- Thus LV < 


aV = ((V2)t A LV = 


Fr5. As t ¢ Z(L), we must furthermore have that 
x5. This implies that the centraliser of (V?)+ 9 L? in V 


is a characteristic ideal W of codimension 1. We can choose our basis such that 


W = 


Fx; + 


Fx 4 + 


Fars + 


Ft + 


Fry + 


ayy + 


ya + 


Ys. 


We now get a chain of characteristic ideals as before 
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iP oT ||. He L?. 1? = Fas 
Wt =Fr;+ Fr 
wt V4) Ya V ° . 
Z(L) — fi = Fas + Fxg + Fx 
4 
Z(L) = L" |\x3] y3|W (V?)t nL = Fas + Fr, + Fee 4+ Fro 


Z(L)=L2 B(L)=L°=2Z(L)+Foot+ Fr 
V4+BRP=D+Fy 

Z3(L) = L? = Z,(L) + Fy, + Fy 
W = L? + Fy + Fy. + Fys 


(ey aL lag 


ZAL) = L | a 


V = 1° + Fy, + Fy + Fy3 + 


UY4 


As ((V?)+ 7 L3\W = {0} and L? - Z(L) = {0}, we see that 
L1Y2 = Loy3 = 0. 
We have also chosen our basis such that 
Y1Y2 = V5. (7.9) 


Notice next that xoy3 = 0 implies that xray, is orthogonal to y3 and yy and thus 
L2Y4 = TX5 where r must be nonzero as xo ¢ Z(L). By replacing y, and x4 by 


ry4 and 244, we can assume that 
T2Y4 = U5. (7.10) 


As ysy4 € V2 4+ L* and yy2 = v5, we have that y,y4 is orthogonal to yp, y3, Ya. 


Thus yyy. = ax5 for some a € F. Replacing ys, %2 by ys — ayg and x2 + ax4 we 


get 
yiys = 0. (7.11) 


Notice that the change does not affect (7.10). Next notice similarly that y,y3 is 


orthogonal to yo, y3, ya and thus y;y3 = ax; for some aeé F. Replacing y3 and x2 


by y3 — ayo and x» + ax3 we get 
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Notice that (7.11) is not affected by this change. We know that x;y. = 0. The 


possible nonzero triples involving x; are then 


(21Y3, Y4) = hy (13, Ys) = a, (2144, Ys) = b. 


Notice that as y3y4 € (Z(L) + Fy,)\Z(L) we must have that r 4 0. Replace 
Ys, 24,23 by Ys — Sy4 + bys, 4+ 225 and 23 — ors and we get a new standard 
basis where 


X1Y3 = 7X4, L1Y4 = —TV3. 


Replacing y3,x3 by rys, tr3 gives 
Liy3 = La, L1Ys = —F3. (7.13) 


It follows that (y2¥3, 44) = (ys¥a,Y5) = 0. Suppose (y2¥3,Y5) = a, (Yaya, Ys) = 6. 
Replace 3, y4,21 by y3 + ay1, ya + by, and x, — ax3 — bry. Notice that these 
changes do not affect the equations above and we now arrive at a unique algebra 


with presentation: 


(24, Ys) =1 
PE) | (ey yal = 1 
(y1Y2, Ys) =1. 


Calculations show that conversely this algebra belongs to the relevant category. 
There are thus exactly three algebras where Z(L) is isotropic of dimension 3 and 


where the dimension of L?® is 5. 


Proposition 7.6. There are exactly three nilpotent SAA’s of dimension 10 that 
have an isotropic center of dimension 3 and where dim L? = 5. These are given 


by the presentations: 


Pe > (roy, ys) =1, (e1ys,¥5) = 1, (yiye, ys) = 1. 
Pe) > (toys, ys) =1, (t1y3,y5) = 1, (yiye, ys) =1, (yoy, ys) = 1. 
1 1 


ae > (Xoy4, Ys) =1, (e1ys,¥4) = 1, (yiye, ys) = 1. 
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7.2. The algebras where dim L’ = 6 


Here we are thus assuming that 


L? = Fes + Fra + Fr3 + Fro + Fr, + Fyn. 


Lemma 7.7. We have dim L* = 4. 


Proof. By Lemma 7.4, we know that Z(L) < L* and we also have that L* < 
Fes + Fry + Fr3+ Fr. Thus if the dimension of L* is not 4, then L* = Z(L) = 
Frs + Fry +Fer3 and Z3(L) = (L4)+ = L? + Fyg. As Z3(L) - L? = {0}, it follows 
that x1y2 = y1y2 = 0 and L? is abelian. Hence we get the contradiction that 
L? < Z(L). 


It follows that we have L4 = Fr, + Fr, + Fr3 + Fao. 
Lemma 7.8. We have dim L° = 2. 


Proof. We have an alternating form 


Oeil? XL/i = 


given by $(y,Z) = (xey,z). As L/L? has odd dimension we know that the 
isotropic part must be non-trivial. Thus we can then choose our standard ba- 


sis such that (r2y3,y4) = (@2y3,Y5) = 0 and thus roy3; = 0. It follows that 


DL? = Fro(y3 + ys + Ys) = Froys + Freys and thus of dimension at most 2. 
As L* € Z(L) we have dim L? > 0 and as we know by Proposition 3.10 that 
dim L® 4 1 we must have that dim L°® = 2. 


We thus have determined the lower and upper central series of L. We have 
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75 U5} Ys 
La) Ya L’ = Fas + Fag 
2(L) |v] vel Za(L) Z(L) = Fes + Fry + Fr 
Zo(L) = L' = Fos + Foy + Fey + Fry 
4 2 
L* = Zo(L) | x2| yo | L Z3(L) = L3 = Z(L) + Feo+ Fo, + Fy 
t1)y1| L° = Z3(L) Li = L' + Fys 


Z4(L) = L? + Fy + Fys 


Notice that x2 € L* and y3 € Z,(L) and thus r2y3 = 0. Also 


Er _ Pri Yy2 + Py yo < Z(L). 


Furthermore x,y and yj y2 are linearly independent. To see this we argue by 


contradiction and suppose that 0 = ax,yo + by,y2 for some a,b € F where not 
both a, b are zero. Then (axz;+by,)L < Z(L) that would give us the contradiction 
that ax, + by € Z2(L). 


We thus have that L°Z? is a 2-dimensional subspace of Z(L) and we consider 
two possible cases namely L°L? = L° and L°L? 4 L°. We consider the latter 
first. 


7.2.1 Algebras where L°- L? ¥ L° 


Here L?L? > L° is one dimensional and we can choose our standard basis such 


that L3L? q L°® = Fs. In order to clarify the structure further we introduce the 


following isotropic characteristic ideal of dimension 5: 
Usigel? + aif <= T°? aL}. 


Now LL? is of dimension 2 and L*L? = 0 and thus U is of codimension 1 in 


L® and contains L*. We can thus choose our standard basis such that U = 


Mes, + Fr, + Far3 + Far + Fx,. We thus have the following picture 
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Y1 = Z2(L) 


Notice that UZ,(L) = Fryyo + Fryy3 = Frs + Fr y3, where 2,y3 € L°. Again we 


consider two possible cases. 


I. Algebras where U Z,(L) is 1-dimensional 


Here UZ,(L) = 21Z,(L) = Fas and there is a characteristic subspace V of 


codimension 1 in Z,(L) that contains L? given by the formula 
V ={xe Z,4(L): Ux = 0}. 


We can then choose our standard basis such that 


V= iP + Py3 =U+ yy + Py3. 


Notice that in particular x;y; = 0. From this we also get a 1-dimensional 


characteristic subspace V? = Fy ,y3. Notice that (y,y3,y2) #4 0 as otherwise 
yiyo € L? o L3L? that contradicts our assumption that L3L? 4 L°. Thus 


yiy3 € L*\ Z(L) and we can choose our standard basis such that Fy,y3 = Fre. 


In fact it is not difficult to see that with the data we have acquired so far we can 


choose our standard basis such that 


LyY2 = @5, Yiy2 = 13, L1y3 = 0, Yiys = —Lo. (7.14) 


This deals with all triple values apart from 


C, (Yo¥4,Y5) =e, (Toya, Ys) =7, 
d, (ysya, ys) =f, 


(r1Y4, Ys) (yoys, Y4) 


—| a, 
(yi¥4,¥5) = 6, (Yyoys, Ys) 
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Notice that r 4 0 as roy3 = 0 but x2 ¢ Z(L). We will show that we can choose a 


new standard basis so that the values of a= b=c=d=e=f=Oandr=l. 


First by replacing 12,71, ya by ®2 + a%4, 21 + CX4, Ys — Yo — Cy, We Can assume 
that a = c = 0, that is 


(x1Y4, Ys) = 0, (y2ys, ys) = 0. (7.15) 


Inspection shows that (7.14) still holds under these changes. Next replacing yj, y2 
by y — (b/r)x2, yo — (b/r)x, we can assume that b = 0 and thus 


(yiya, Ys) = 0. (7.16) 


Again (7.14) and (7.15) are not affected by the changes. We continue in this 
manner always making sure that the previously established identities still hold. 


We first replace 21, yo, ys by £1 + das, yo — (e/r) Xo, ys — dy; that gives 


(yoys, ¥5) = 9, (yaya, Ys) = 0, (7.17) 


then replace yo, y3 by yo — (f/r)x3, y3 — (f/r)x2 that gives furthermore that 


(ysy4, Ys) = 0. (7.18) 


Finally replacing x4, ys by rv4, (1/r)ys gives us a presentation with r = 1. Thus 


we have that we get a unique algebra. 


Proposition 7.9. There is a unique nilpotent SAA L of dimension 10 with an 
isotropic center of dimension 3 and where dim L® = 6 that has the further prop- 
erties that L?L? # L° and dimUZ,(L) = 1. This algebra is given by the presen- 
tation 

PR) © (arye,ys) = 1, (yrye,y3) = 1, (woya, Ys) = 1. 
Remark 7.10. As before, inspection shows that the algebra with the presentation 


above satisfies all the properties listed. 


II. Algebras where UZ,(L) is 2-dimensional 


Here we can pick our standard basis such that UZ,(L) = Fars + Fay. As L°L? 4 
L° we know that (y,y2,y3) # 0 and from this one sees that L°Z,4(L) = L’. 
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Furthermore it is not difficult to see that we can choose our standard basis such 
that 


T1Y2 = U5, T1Y3 = La, YiY2 = V3, Y1Y3 = — V2. (7.19) 


In order to clarify the structure further we are only left with the triple values 


(71y4,Y5) = 4, (Yyoys, ys) =C, (Yoys, Ys) =e, (Loy, Ys) =7, 
(yy, 45) = 6, (Yyo¥s.¥s) = 4, (¥sya. us) = f, 


We show as before that one can change the basis such that a= b=c=d=e 
f =0Oandr =1. First we replace 21, y2 by x1 — (a/r) x2, yo = yo + (a/r)y, that 
gives furthermore 

(21Y4, Ys) = 9, (7.20) 


and then we replace yj, y2 by y: — (b/r)x2, y2 — (b/r)a1 that gives 


(yy, Ys) = 0. (7.21) 


Next we replace 71, y4,y5 by 71 + cv4 + d&5, ys — Cy, Ys — dyi that allows us to 


further assume that 


(yoy3,y4) = 9, (yoys, Ys) = 0 (7.22) 


and then ys, y3 by y2 — (e/r)t2 — (f/r)x3,y3 — (f/r)x2 that gives 
(yoya,¥5) = 9, (ysy4,Y5) = 0. (7.23) 


Finally changing X2,X3,%4,X5, Y2, Y3, Ya, U5 by (1/r)2o, 23, (1/r)2xa, TX5,TY2, (1/r)ys, 
rya, (1/r)ys gives us (roy4,Y5) = 1 and thus we see again that we have a unique 


algebra. 


Proposition 7.11. There is a unique nilpotent SAA L of dimension 10 with 
an isotropic center of dimension 3 and where dimL® = 6 that has the further 
properties that L°L? 4 L° and dimUZ,(L) = 2. This algebra can be given by the 


presentation 


pe) © (@iye, ys) = 1, (vigesys) = 1), \(cayayya) = 1, (oy, ys) = 1. 
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7.3. Algebras where L°L? = L° 


ie U5) Ys 
ty YA fia => Fars + Px 4 
Z(L) = Fas + Fr, + Fr 
z(t) [23] va] Za(Z) och 
Z,(L) = L* = Fas + Fry + Fr3 + Faq 
4 2 
L* = Z,(L) | x2|yo|L Z3(L) = L° = Z(L) + Feo + Fr, + Fy 
#1 |y1| L? = Z3(L) Li = E+ Bys 


Z4(L) = L? + Fy + Fys 


Here we are assuming that L° = L°L? = Fr yo +Fy yo and thus in particular we 


know that x;y2, yy is a basis for L°. We will now introduce some linear maps 
that will help us in understanding the structure. Consider first the linear maps 
od: LD/L4* > LD, tw=ut+ Li ou-y 
wp: D3/LA— D>, @=ut Lt u- ys. 


As L*Z,(L) = {0}, these maps are well defined. As L?L? = L° we also know that 


@ is bijective. We thus have the linear map 
F=yd': LP — L. 


It is the map 7 that will be our key towards understanding the structure of the 
algebra. 


Lemma 7.12. The minimal polynomial of rT = Wd~' must be of degree 2. 


Proof. We argue by contradiction and suppose that 7 = Aid. Replacing y3, x2 by 
y3 — Ayo, 2 + AxX3 gives us a new standard basis where 7 = 0. Pick our standard 
basis such that @ = 7; + L* = ¢-+(x4) and y, = y, + L* = d- (x5). We then 


have 
L1Y2 = L4, YiY2 = T5, T1y3 = 0, yiy3 = 0. 
Now y2y3 1 21,41, y2, y3 and thus 


Yyoy3 = ax, + x5 
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for some a,b € F. Replacing y3 by yg +ax,+by1, x1 by x; —bx3 and y, by yy +az3, 


we can assume that yoy3 = 0. 


Now suppose that (y3y4,ys) = @ and (xoy4,ys) = 6. Notice that b # 0 as 
ro ¢ Z(L) and xay3 = 0. Replace yz, ye by y3 — (a/b)x2, yo —(a/b)x3 and we get a 
new standard basis where all the previous identities hold but also (y3y4, ys) = 0. 
We thus get the contradiction that y3 € Z(L). 


Notice next that if we have an alternative standard basis 21,2%,...,Y5, then 
Yo = cy2 +u and ys = ay3 + by2 + v where a,c # 0 and where u,v € L?. If the 
minimal polynomial of 7 with respect to the old basis is f(t) then the minimal 
polynomial with respect to the new basis is a multiple of f((c/a)(t — (b/c)). In 
particular we have the following possible distinct scenarios that do not depend 


on what standard basis we choose. 


A. The minimal polynomial of 7 has two distinct roots in F. 


+] 


B. The minimal polynomial of 7 has a double root in 


C. The minimal polynomial of 7 is irreducible in F{]. 


7.3.1 Algebras of type A. 


Suppose the two distinct roots of the minimal polynomial of tr = ~~! are \ and 
pu. Pick some eigenvectors x4 and x5 with respect to the eigenvalues A and p 


respectively. Thus 


VO ata): = hee, 
wo '(t5) = pas. 


Replacing y3, 22 by y3—Ayo, T2+Ax3 we see that wd~1(x4) = 0 and we can assume 
that A = 0. Then replace y3,x3 by (1/)y3, wxr3 and we get that Wo-1(x5) = v5 


and we can now assume that py = 1. 
We would like to pick our standard basis such that 4 = x; + L* = $7'(x4) 


and y, = y, + L4 = ¢-'(x5) . The only problem here is that we need (21, 4) = 1 


but this can be easily arranged. If (21,y,) = o then we just need to replace 
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Yi, %5,Y¥5 by (1/o)y1, (1/o)xs, ys. We have thus seen that we can choose our 
standard basis such that 


L1Y2 = Ta, YiY2 = U5, L1y3 =O, Yry3 = Ls. (7.24) 


Recall also that xgy3 = 0 since L*Z,(L) = 0. In order to fully determine the 


structure of the algebra we are only left with the following triple values 


(X1Y4, Ys) =a, (yoys, Y4) =C, (y2¥4, Ys) = €, (xoYya, Ys) = 
(y1Y4, Ys) = b, (y2¥3, Ys) = d, (y3Y4, Ys) = 


Notice that r 4 0 as rgy3 = 0 but ry ¢ Z(L). We will show that we can choose 
our basis such that a = b=c=d=e = f = 0. First replace 71,41, yo by 


x1 — (a/r)x2, y1 — (b/r) x2, yo + (a/r)y1 — (b/r)x1 and we see that we can assume 
that a= b= 0; that-is 


(2144, Ys) = (YrY4, Ys) = 0. (7.25) 


Inspection shows that (7.24) remains same under these changes. Then replacing 


41,91, 93 by ©, — dx3, yy + C®3, y3 + CX, + dy, we can furthermore assume that 
(yous, Y4) = (yoys, Ys) = 0. (7.26) 


Finally replacing 21, yo, y3, ya by 41 —e24, yo—((f —e)/1) x3, y3— ((f -e)/1) x2, Yat 
ey; and we can also assume that 


(yoya, Ys) = (ysy4, Ys) = 0. (7.27) 


We have thus seen that L has a presentation of the form PBS) ®) (r) as described in 


the next proposition. 


Proposition 7.13. Let L be a nilpotent SAA of dimension 10 with an isotropic 
center of dimension 3 that has the further properties that dim L® = 6, L°L? = L° 
and L is of type A. Then L has a presentation of the form 


3,6) 
PEO Or): (woyarys) =r, (wiye,ys) = 1, (yry2,¥5) =1, (yr¥3, ys) = 1 


where r # 0. Furthermore the presentations PBs) (r) and pe (s) describe the 


same algebra if and only if s/r € (F*)?. 
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Proof. We have already seen that all such algebras have a presentation of the form 


Pes) (r) for some 0 #4 re F. Straightforward calculations show that conversely 
any algebra with such a presentation has the properties stated in the Proposi- 
tion. It remains to prove the isomorphism property. To see that the property 


is sufficient, suppose that we have an algebra L with presentation pe o (r) with 


respect to some given standard basis. Let s be any element in F* such that 


s/r = b® € (F*)?. Replace the basis with a new standard basis #1,..., 5 where 
#1 = 21, fi = yi, Lo = dre, Yo = (1/b)t2, &3 = bas, Ys = (1/b)ys, Faq = 
(1/b)xa, Ys = bys, #5 = (1/b)x5, Ys = bys. Direct calculations show that L has 


presentation PBS) (5) with respect to the new basis. 


It remains to see that the property is necessary. Consider again an algebra L 
with presentation pee) (r) and suppose that L has also a presentation PES) o (s) 
with respect to some other standard basis #1,--- ,y5. We want to show that 
s/r € (F*)®. We know that L = Fys + Fy, + Z4(L) = Fys + Fys + Z4(L). Thus 


ays + bys + u 


Kad 
iS 
I 


Ys = Cy4+dys5 + v 


for some u,v € Z4(L) and a,b,c,d € F where ad — bc # 0. As L3L? = LT? 1 
Z4(L) and as Z,(L)L* = 0 we have (Z,4(L)L?, L°) = (Z,(L)L, L*) = 0 and thus 
Za(L)L? < (L3)\* = L* and Z,(L)L < (£*)+ = L. It follows that 


Yaysys = (aya + bys)(cya + dys) (cya + dys) + w 
YoYaya = (cya + dys) (ays + bys) (ays + bys) + 2 


for some w, z € L*. Using the fact that (L*, L3) = 0, as L° = 0, we then see that 


8° = (Yass, Ys9ays) = r7(ad — be)®. 


Hence s/r € (F*)?. 


Remark 7.14. Notice that it follows that we have only one algebra if (F*)? = F*. 
This includes all fields that are algebraically closed as well as R. For a finite field 


of order p” there are 3 algebras if 3|p" — 1 but otherwise one. For Q there are 


infinitely many algebras. 
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7.3.2 Algebras of type B 


Suppose that the double root of the minimal polynomial of tT = ~~! is \. We 


can then have a basis x4, 25 for L° such that 


AL 


wo *(x4) 
wo (as) = Ads +24. 


If we replace y3, %2 by y3— Ayo, L2 + Avg then we can furthermore assume that \ = 
0. We want to pick our standard basis such that 7, = 7,+ L* = @"'(a4) and y, = 
y. + L* = @\(a5). Again the only problem is to arrange for (x1, y:) = 1. But if 


(x1, Yi) =o then we replace U5, U3, Y1, Y3, Y5 by (1/o)zs, (1/c)zs, (1/o)y1, OY3, U5 
and that gives (71, y1) = 1. We have thus seen that we can choose our standard 
basis such that 


LyY2 = L4, Yiy2 = @5, X1y3 = 0, Yrys = La. (7.28) 


As before we have furthermore x2y3 = 0 and we are only left with the following 


triple values 


(©1Y4, Ys) =a, (Yo¥s, Y4) =¢, (Yo¥4, Ys) = 6, (x24, Ys) =T, 
(yiy4,¥5) =), (Yoys. ys) = 4, (ys¥a,¥5) = f. 


Notice that r 4 0 as rgy3 = 0 but x2 ¢ Z(L). We will show that we can choose 
a new standard basis so that all the other values are zero. First by replacing 
L1,Y1, Yo by x1 — (a/r) Xo, y, — (b/r) x2, yo + (a/r)yi — (b/r)x1, we can assume that 
GS be 0 “Thai is 


(2144, Ys) = (yry4, Ys) = 0. (7.29) 


These changes do not affect (7.28). Then replace x1, y1,y3 by x, — dx3,y, + 


cx3, Y3 + cx, + dy, we can furthermore assume that 


(yous, Ys) = (Y2¥3,¥5) = 0. (7.30) 
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Finally replacing x1, y4, ys by 71 — ex4 + f25, ya t+ eyi, ys — fyi further allows us 


to assume that 


(Y2¥a,Y5) = (Yaya, Ys) = 0. (7.31) 
We thus arrive at a presentation of the form pe (r) as given in the next propo- 
sition 
Proposition 7.15. Let L be a nilpotent SAA of dimension 10 with an isotropic 


center of dimension 3 that has the further properties that dim L® = 6, L°L? = L° 
and L is of type B. Then L has a presentation of the form 


3,7) 
PE): (woyarys) =r, (wrye.ys) = 1, (yry2,¥5) =1, (yrys, ys) = 1 


where r # 0. Furthermore the presentations Piso (r) and Pen (s) describe the 


same algebra if and only if s/r € (F*)?. 


Proof. Similar to the proof of Proposition 7.13. 


7.3.3 Algebras of type C’ 


It turns out to be useful to consider the cases char F 4 2 and char F = 2 separately. 


a. The algebras where char F 4 2 


Suppose the minimal polynomial of tT = Wd~! is t? + at + b with respect to some 
Yy2, y3- Replacing y3 by y3 + (a/2)y2, one gets a minimal polynomial of the form 
t? — s with s ¢ F’. 


Remark 7.16. Let y3 = ay3; + u where a #4 0 and u€ L?. For the minimal 


polynomial of tT to have trivial linear term we must have ue L®. Thus Fy3 + L? 


is a characteristic subspace of L. 


Pick any 0 4 x5 € L® and let 24 = wd-1(xs5). Then wh !(x4) = 8x5. We want 
to pick our standard basis such that d7!(24) = 2 + L*, @+(a5) = yy + L*. 
For this to work out we need (x1, y;) = 1. Again this can be easily arranged. 
If (v1,y1) = 0, then we replace x5, y1,y3 by (1/o)a5, (1/o)y1, oy3 and we get 
(71,41) = 1 and wé"!(x4) = (0?s)a5. We have thus seen that we can choose our 
standard basis such that 


T1Y2 = U4, YrY2 = U5, V1Y3 = $X5, YiY3 = V4 (7.32) 
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for some s ¢ F?. In order to clarify the structure further we are only left with the 


following triple values 


(©1Y4, Ys) =a, (Yo¥s, Y4) =C¢, (Yo¥4, Ys) = €, (x24, Ys) = 
(yiy4,¥5) =), (Yoys. ys) = 4, (ys¥a,¥5) = f. 


Notice that r 4 0 as xoy3 = 0 but ro ¢ Z(L). We will show that the remaining 
values are zero. First by replacing 21, y1, yo by 2, — (a/r)xo, y1 — (b/r) x2, yo + 


(a/r)y, — (b/r)x, we can assume that a = b = 0, that is 


(T1Y4, Ys) = (yrys, Ys) = 0. (7.33) 


These changes do not affect (7.32). Next replace x1, y1, y3 by x1—dx3, y1 +c23, y3t 


cx, + dy, we see that we can further assume that 


(yous, Ya) = (Yas, Ys) = 0. (7.34) 


Finally replacing 21, ys, ys by 71 -—ex4+ fxs, ys + ey, Ys — fy1 we can also assume 
that 


(Yous, Ys) = (YsYa, Ys) = 0. (7.35) 


Thus L has a presentation of the form Pes) (r, 5) as described in the next propo- 


sition. 


Proposition 7.17. Let L be a nilpotent SAA of dimension 10 over a field of 
characteristic that is not 2 that has an isotropic center of dimension 3. Suppose 
also that L has the further properties that dim L® = 6, L?L? = L° and L is of 
type C. Then L has a presentation of the form 


Pee (oe S)s (xoY4, Ys) = Ws (2143, Ys) = $, (1Y2, Ys) = 1, (Y1Y2, Ys) = 1, 
(yi Ys, Y4) =1 


wherer #0 and s ¢ F*. Furthermore the presentations Pe (7, 5) and Poe (r,s) 
describe the same algebra if and only if © € (F*)? and £ € G(s) where G(s) = 


{(x* — y?s)?: (a, y) € F x F\ {(0,0)}}. 


Proof. We have already seen that any such algebra has a presentation of the given 


form. Direct calculations show that an algebra with a presentation PBs) (r,s) 
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has the properties stated. We turn to the isomorphism property. To see that 
the condition is sufficient, suppose we have an algebra L that has presentation 
Pe) (r,s) with respect to some standard basis 21, 41,...,25,Y5. Suppose that 
f= 3, and = = [(b/8)? — s(a/8)?} for some (a,b) ¢ F x F\ {(0,0)}. Consider a 
new standard basis 


&, = (a/8*)(br1 +asy1), ¥1 = (1/8)(by: + ax), 


r2 = (1/8) xo, Yo = Yo, 

r3 = (1/a)zs, Y3 = Ys, 

ra = (a/8)(ba4 + ass), = (1/6?) (bys — ays), 
r5 = ary + brs, js = (/B°) (bys — asys), 


where @ = a Calculations show that L has then presentation pe (7, 8) 


with respect to the new standard basis. 


It remains to see that the conditions are also necessary. Consider an algebra L 
with presentation PB®) 8) (r,s) with respect to some standard basis x1, y1,..., 25, Ys- 


Take some arbitrary new standard basis 71, Y1,...,25, Ys such that LD satisfies the 


presentation Pes) (7,5) with respect to the new basis for some 0 4 7 € F and 
§ ¢ F?. Notice that 


Ls = ar, + bas 


Yo = Py2tu 


Y3 = YY¥3 7 V, 


such that u,v € L® and 0 #4 a,6 € F. The reader can convince himself that 
r/r € (F*)? and s/s € G(s). 


Examples. (1) If F = C then as any quadratic polynomial is reducible, there are 


not algebras of type C’. This holds more generally for any field F of characteristic 


ni 


that is not 2 and where all elements in F have a square root in F. 


= 


(2) Suppose F = R. Let s ¢ R*? and0 #reR. Then r/1 = 7 € (R*)? and 
s <0. Also s/(—1) = a* = (a? — 0?(—1))? for some a € R. We thus have that 


Po (r,s) describes the same algebra as PBs) (1,-1). There is thus a unique 


algebra in this case. 
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(3) Let F be a finite field of some odd characteristic p. Suppose that |F 
Let s be any element that is not in (F*)?. Notice then that F* = (F*)? u s(F*)? 
and thus for any § that is not in F?, we have s/s € (F*)? = G(s). We can keep 


s fixed and each algebra has a presentation of the form Q(r) = Ree e (r,s) where 
Q(7) and Q(r) describe the same algebra if and only if 7/r € (F*). There are 


thus either three or one algebra according to whether 3 divides p” — 1 or not. 


b. The algebras where char F = 2 


If the irreducible minimal polynomial of w¢~! is ¢? + rt + s with respect to yo, y3 


then the minimal polynomial with respect to ay2, by3 + cy2, where a,b # 0, is 


t? + r(b/a)t + [(c/a)? — r(c/a)(b/a) + (b/a)*s]. 


Thus we have two distinct subcases (that do not depend on the choice of the 
basis). Let m = m(y2,y3) be the minimal polynomial of wé~! with respect to a 


given standard basis for L. 
(1) The minimal polynomial m is of the form t? — s for some s ¢ F? . 


(2) The minimal polynomial m is of the form t? + rt + s where r 4 0 and 


the polynomial is irreducible. 


For case (1) we get the same situation as in Proposition 7.17. 


Proposition 7.18. Let L be nilpotent SAA of dimension 10 over a field of char- 
acteristic 2 that has an isotropic center of dimension 3. Suppose also that L has 
the further properties that dim L® = 6, L°L? = L° and L is of type C where the 


minimal polynomial m(yz, y3) is of the form t? — s for some s ¢ F?. Then L has 


a presentation of the form 


Pee) (r, s): (x2Y4, Ys) Ss (x1Y3, Ys) = $, (X1Y2, Y4) = 1, (y1Y2, Ys) = 1, 
(y1y3, Y4) =1, 


wherer #0 ands ¢ F?. Furthermore the presentations Pes) (7,8) and pee i) (r,s) 
describe the same algebra if and only if © € (F*)® and £ € G(s), where G(s) = 
{(x? — y?s)?: (x,y) € F x F\ {(0,0)}}. 
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Example. Consider the field Z2(x) of rational functions in one variable over 
Zy. Notice that 


Zy(x)* = { f(x)” + xg(x)” : (f(x), 9(@)) € Zo(x) x Zo(z) \ {(0, 0)}}. 


Thus G(x) = (Zo(x)*)? and last proposition tells us that PBs) (F(x), §(a)) and 
pee) (r(x), s(x)) describe the same algebra if and only if 7(x)/r(x) € (Zo(x)*)? 
and s(x)/8(x) € (Zo(x)*)?. We thus have infinitely many algebras here. 


We then move to the latter collection of algebras. For the rest of this subsection 
we will be assuming that the minimal polynomial of 77+ is an irreducible poly- 


nomial of the form ¢t? + rt + s where r ¥ 0. 


Pick 0 # a5 € L® and let x4 = woh las). Then Wo l(a24) = rrq + ss. 
We want to pick our standard basis such that 7, = 2, + L’ = $ '(x4) and 
yi = y+ Lt = ¢ (a5). The only constraint to worry about is, as before, that 
(v1, y1) = 1. If (v1, y1) = 0, we just need to then replace y3 by (1/o)y3. Notice 
that this changes the minimal polynomial of ~¢~' to t? + (r/a)t + (s/o7). In any 


case this shows that we can choose our standard basis such that 
T1Y2 = Xa, Yi¥2 = U5, T1Y3 = TXL4 + 8X5, Yiy3 = V4 (7.36) 


for some r,s € F where r ¥ 0 and #2 + rt + g is irreducible. As before we also 
know that xoy3 = 0. In order to clarify the structure further we are only left with 


the following triple values: 


(1Y4,Y5) = 4, (Yoys, ya) =C, (Yaya, ys) =e, (XoY4,Y5) = @, 
(yiY4; Ys) _ b, (y2Y3; Ys) = d, (y3Y4; Ys) _ 


Notice that a 4 0 as roy3 = 0 but ry ¢ Z(L). We will show that we can choose a 
new standard basis so that the remaining values are zero. First replace 21, yi, y2 
by x1 — (a/a)x2, y1 — (b/a)£2, y2 + (a/a)y1 — (b/a)x, and we can assume that 
a=b = 0; that is 


(2144, Ys) = (yry4, Ys) = 0. (31) 


Next replace 71, y1, y3 by 71 — dx3, yy + cX3, y3 +. cx, + dy, and we can furthermore 
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assume that 


(yous, Ya) = (Yas, Ys) = 0. (7.38) 


Finally replacing x1, ys, ys by x, —ex44+ fas, ya + eyi, ys — fy: allows us to further 


assume that 


(yoya, Ys) = (ysy4, Ys) = 0. (7.39) 


We have thus arrived at a presentation of the form pe as described in the next 
proposition. Before stating that proposition we introduce two groups that are 


going to play a role. 


Definition 7.19. For each minimal polynomial ¢? + rt + s, we let 


H(r) = {a +re: ceF} 


{a? + raey+ sy’: (c,y)¢ Fx F\{(0,0)}}. 


Q 
“~~ 
8 

H 
wa” 

I 


+] 


Remark 7.20. (1) H(r) is a subgroup of the additive group 


(2) Consider the splitting field F[y]| of the polynomial t? + rt + s in F{t]. Then 
a” + abr + b?s is the norm N(a+by) = (a+by)(at+b(y+r)) ofatby. As this is 


a multiplicative function we have that G(r, s) is a multiplicative subgroup of F*. 


Proposition 7.21. Let L be a nilpotent SAA of dimension 10 over a field of 
characteristic 2 that has an isotropic center of dimension 3. Suppose also that L 
has the further properties that dim L? = 6, L°L? = L° and L is of type C where 
the minimal polynomial m(ys, y3) is irreducible with a non-zero linear term. Then 


L has a presentation of the form 


3,9 
Pe yr, s) : (x2Y4, Ys) = %5 (x1Yy3, Y4) =F; (21Y3, Ys) = 5, 
(x1Y2, Ys) =1, (Y1Y2, Ys) =1, (y1y3, Y4) =1 


where y,r # 0 and t? + rt +s is irreducible. Furthermore the presentations 


pe) (4,7, 8) and Pe (y,7, 8) describe the same algebra if and only if? e (F*)3, 
“€G(r,s) and §— (£)?s € H(F). 


r 
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Proof. We have already seen that any such algebra has a presentation of the 
given form. Direct calculations show that conversely any algebra with a presen- 
tation for this type satisfies all the properties listed. It remains to deal with the 
isomorphism property. To see that the condition is sufficient, suppose we have 


3,9) 
ae 


an algebra L that has a presentation P 7,7, 8) with respect to some stan- 


dard basis 71, 41,---,25,Ys5- Suppose that 3 == GG) Palate 


B?? p B 


and § — (£)*s = ($) + ($)F for some a,b,6,8 € F where 6 #4 0. We let 


a= B/((3)? + (3)($)r + (3)?s). Consider the new standard basis 


1 
—(ax, + by), 


fic Bp Eee +ab+da)z,+ (db+aas)yi], 1 = B 
se 1 ‘ 
fo = — (axe + 623), Yo = Bye, 
ap 
Meas ob : 
3 = — 3, Y3 = ays + Oyo, 


1 1 
c= pce +ab+ da)rq,+ (6b+ aas)x5|, Ys = ge (bus + ays), 


1 
t5 = ax, brs, Ys = =|[(aar + ab + da)ys+ 


B3 
(db + aas) ya]. 


Calculations show that L has then presentation Pe 9) (7,7, 5) with respect to the 


new standard basis. 


It remains to see that the conditions are also necessary. Consider an algebra L 
with presentation po (7,7, 8) with respect to some standard basis x1, y1,...,25, 
ys. Take some arbitrary new standard basis £1, 7,...,%5, Ys such that L has pre- 
sentation PB) (7,7, 8) with respect to the new basis where 7,7, 5 4 0 and where 


t? + Ft + § is irreducible. Then 


Ls — ax, + brs, 


Y2 = Byatu, 
Y3 = ays + dyo+v, 


for some u,v € L?, a, 3,6 € F where a, 8 4 0. The reader can convince himself 


that new standard basis that we get satisfies the conditions stated. 


Before we give an example to an algebra of this form. We list some useful prop- 
erties of the groups G(r,s) and H(r). 
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Lemma 7.22. For any irreducible polynomials t? + rt +s and t? + ft +8, we 
have that 


(1) H(F) = (#/r)PH(r). 
(2) GF, 3) = G(r, 8) if 3 — (F/r?s € HGF). 


Proof. Straightforward calculations. 


Example. Let F be the finite field of order 2”. Let 7,1, 5,7,7,5 be as in last 
lemma. Then G(7, 5) = G(r, s) = F* and thus 7/r € G(r, s). Also [F : H(r)] = 2 


and thus § — (f/r)?s € H(r). It follows from last proposition that the presen- 


+] 


tations ee (y,7, 5) and Pee (7,7, 8) describe the same algebra if and only if 


4/7 € (F*)°. There are thus either three algebras or one algebra according to 
whether 3 divides 2” — 1 or not. 


We end this section by giving a direct explanation why the relation 


(F, 8) ~ (r,s) if and only if — € G(r,s), 8 — (_)’s € H(7) 
r r 
is an equivalence relation. 


First it is easy to show (r,s) ~ (r,s) as 1 € G(r,s) and 0 € H(r). Next if 
(7,8) ~ (r,s) then, as G(r,s) = G(#,8) is a group, we have that r/7 € G(7, §) 
and s — (r/r)?s = (r/f)?( — (F/r)*s) € (r/7)?H (7) = H(r). This shows that ~ 
is symmetric. Finally suppose (r*, s*) ~ (7,5) and (7,8) ~ (r,s). Then we have 
that r*/r = r*/F - F/r € G(r, s) and s* — (r*/r)*s = [s* — (r*/F)23] + [(r*/7)?5 — 
(r*/r)?s] = [s*—(r*/7)?8]+(r*/7)?[8—(F/r)?s] is in H(r*)+(r*/7)? (PF) = H(r*). 


Hence ~ is also transitive and we have an equivalence relation. 
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|. abaalieas WITH AN ISOTROPIC CENTER OF 
DIMENSION 2 


In this chapter we will be assuming that Z(L) is isotropic of dimension 2. Notice 
that if LD = Fu+Fu+ L?, then L? = Fuv + L?. It follows that L? = Z(L)+ is of 
dimension 8 and that L? is of dimension 7. We can then pick our standard basis 
such that 


Z(L) = Pxs + Fx4, 
D2? = Fas +--+ + Fr, + Fy + Fyo + Fys, 
L3 = Pxs fae ae Fey pall yy ol ES Py. 
Furthermore £3? = Fuvu + Fuvv + L* and thus dim L* € {5,6}. Let k be the 


nilpotence class of L. We know that the maximal class is 7 and as dim L* 4 1 and 
L* < Z(L), we must have that L* = Z(L). Moreover, we know that dim L* 4 2 
forl <s<4and thus5 <k <7. If L° = Z(L) then dim Z,(L) — dim Z(L) = 
dim L?—dim L? = 1 and we get the contradiction that L4 = Z2(L) is of dimension 
3. Thus 6 <k < 7. We will deal with the two cases separately. 


8.1 The algebras of class 6 


As the class is 6, it follows that (L*, L*) = (L’, L) = 0 and thus L* is isotropic. 
We have seen that the dimension of L* is at least 5 and thus dim L* = 5. We can 


thus now furthermore choose our standard basis such that 
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La) Ya Z(L) = L° = Fr, + Fog 
—_7>5>_f Ky" H 
L> — Z>(L) r3 Y3 L? = Z5(L) Z2(L) = L a Xs + “4 + L3 
23(L) = [= Fas, +--+ + Fay, 
Fogle 20 ihe hei ee 0, Zi(L) = 3 = L4 + Fy, + Fy 
X11 Y1 5 A + + + 
Z5(L) =fPP=L["+ Hy, + Yo + I yz. 


As L*Z,4(L) = 0 we must have 
X1Y2 = 0. 


It then follows that L4L? = 0 and then 


L313 = Fynyp. 


Notice that L°L* ¥ 0 since this would imply that (L°, L) = (13, L*) = (L°L°, L) = 
0 and we would get the contradiction that the class of L is at most 5. Next let 


us see that x2 ,y3 and x2y3 are linearly independent. To see this we argue by con- 


tradiction and suppose that (ax, + bx2)y3 = 0 for some a,b € F where not both 


a,b are zero. But this would imply that (ax; + br2)L € Z(L) and we would thus 
get the contradiction that ax, + br2 € Z2(L) = L°. Thus 


U’= Pr 1Yy3 + Proy3 = Z(L). 


Notice that L°Z? = Fy ,y2 is a one-dimensional characteristic subspace of Z2(L). 
We consider two possibilities: L3L° < Z(L) and L?L? « Z(L). 


8.1.1 Algebras where L?L? < Z(L) 


We pick our standard basis such that 


LPL? = Fyyyo = Fas. (8.1) 


We have seen above that 7(L) = Froy3 + Fr,y3 = L*L?. In order to clarify the 


structure of L we introduce the characteristic subspace 
WH=(eel: ef <r. 
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Notice that W is the kernel of the surjective linear map L* > Z(L)/L°L°, x > 
xy3 + L°L? and thus W is of codimension 1 in L*. Also L° < W. We can thus 


pick our standard basis such that 


W = Fes + Fry 4+ For3 + Fro. 


From this one sees that we have a chain of characteristic ideals of L 


IAL? \ ite! ae 
L° = Z(L) 4 | Ya (L3L°)* 
LP me Dol BY | the yg | 1? = Bel) 
W | 29} yq|L3 = Z4(L) 
L* = Z3(L) |x, |y,|W- 


Notice that Fa2y3 = Fx;. We continue considering characteristic subspaces. Let 


Sigel :a<i7 <i}, 


Notice that L°Z? = Z(L) and that S is the kernel of the surjective linear map 
LD? > Z(L)/L°L3, x x- y3 + LL? and is thus of codimension 1 in L°. Notice 
also that 7; ¢ S whereas W < S. It follows that we can pick our standard basis 
such that 


S= FP X5, + Fax 4 + Fr3 + Fx + Bay + yo. 


In particular we have yy3, yoy3 € L°L>. Notice that 


S- = ie + Py) 


and that L791 = L?y, = Fyyo + Fyyy3 = L3L*. Let 
T={re Ll’: 28+ =0}. 


Then T is the kernel of the surjective linear map L? > L°L?, x +> y,x. Notice 
that W+ < T but that y. ¢ T. We can then pick our standard basis such that 


T= wt + Py3. 
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In particular y,y3 = 0. We now have a characteristic isotropic subspace T+ = 
Fos + Faq + Fre where T+ - (£323) = x9(L3L3)+ = L3L3. We now let 


R= {xe (L3L3)\" : «T+ = 0}. 


This is the kernel of the surjective linear map (L3L3)t > L°L3, x > xox that 


contains L?. We now refine our standard basis such that 


R=L>+Fy 


and we have in particular ray, = 0. Let us summarize. For every standard basis 


that respects the list of characteristic subspaces above, we have 


Leys = O 

Froy3 = Fars 

Liy2 = 0 
Fe5+Fariy3 = Fars, + Fay 
F25+Fayy, = Fars +Fr3 

Fyiyo = Fas 

yiy3 = 0 

yoys € Frs 


It is not difficult to see that we can furthermore refine our basis such that 


Loy3 = 2X5, Loy, = 0, Tyo = 0, Liys = X4, Liys = —X3, Yiy2 = Ts, Yiys = 0. 
(8.2) 
This deals with all triple values apart from 


(yiya,¥5) =a, (Yy2¥s, Ys) (344, Y5) =7, 


=C, 
(y3Y4, Ys) = b, (yoY4; Ys) = d, 


where r 4 0 as x3 ¢ Z(L). Replace xo, ys by 2 + aX4, Ya — GY2 and we can assume 
that 


(yiys, Ys) = 0. (8.3) 
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This does not affect (8.2). Then replace y2, y3 by yo — (d/r)x3 — CX, y3 — (b/r) x3 — 


(d/r)x2 gives furthermore that 


(yoys, ¥5) = 9, (y244, Ys) = 9, (ysy4, Ys) = 0. (8.4) 


Again these changes do not affect (8.2) and (8.3). Finally replacing 71, v2, 24, U5, Y1, 
Y2,Y4, U5 by ae (1/r)2xo, re (1/r)xs ’ (1/r?)an, rYy2, (1/r?)y4, TY5 implies that 
we can assume that (x3y4, ys) = 1 while (8.2)-(8.4) remain nonaffected. We thus 


arrive at a unique presentation. 


Proposition 8.1. There is a unique nilpotent SAA L of dimension 10 with an 
isotropic center of dimension 2 that has the further properties that L is nilpotent 


of class 6 and L?L? < Z(L). This algebra can be given by the presentation 


Pe” : (raya, 45) = 1, (Goya, ys) = 1, (crys, ys) = 1, (yrye, ys) = 1. 


One readily verifies that the algebra with the presentation above has the proper- 


ties stated. 


8.1.2 Algebras where L?L? < Z(L) 


Recall that x,y. = 0. As we had observed before, Fyyy2 = L°L® < Z,(L) = 
Z(L) + Fa3. We had also seen that Friy3 + Froy3 = Z(L). We can now pick our 
standard basis such that 


Lyy2 = 0, yiye = 13, L1y3 = L4, Loy3 = Ts. (8.5) 


This leaves us with the following list of triple values to determine. 


(x1Y4, Ue) (yoys, ys) 


— a, 
(XoY4, Ys) = b, (Yy243; Ys) 


c, (yiy3,¥4) =f, (yiya, Ys) = A, 
d, (Y1Y3,¥5) = 9, (Ys¥a,¥5) =k, 
(344,45) =1, (Yoya, Ys) = e, 


where r 4 0 as x3 ¢€ Z(L). We show that we can further refine the basis so that 
a=b=c=d=e=f=g=h=k=0. To start with replace x1, 22, y3 by 


x1 — (a/r)x3, Lo — (b/r)x3, y3 + (a/r)y1 + (b/r)y2 and we see that we can assume 
that 
(1Y4, Ys) = (T2Y4, Ys) = 0. (8.6) 
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These changes do not affect (8.5). Next we replace y1, y2,y3 by yi — CX, y2 — 
cx, — dx2 — (e/r)x3, y3 — (e/r)x2 that gives us 
(yoys, Ys) = (Y2¥3,¥5) = (Y2¥4, Ys) = 0, (8.7) 


while these changes have no affect on (8.5), (8.6). Now replace 22, y4,y5 by 


— fx4— 9X5, ya + fye,Y5 + gy2 and we can now assume that 


(4143, Y4) = (Y1¥3, Y5) = 0. (8.8) 


As before this has no effect on the previous established equations. Finally we 
replace y1,y3 by y: — (h/r)x3, y3 — (h/r)a1 — (k/r)x3 and one sees readily that 
we can furthermore assume that (yiy4, ys) = (y3¥4, Ys) = 0. We thus arrive at a 


family of algebras given by the presentation poe 2) given in the next Proposition. 


Proposition 8.2. Let L be a nilpotent SAA of dimension 10 with an isotropic 
center of dimension 2 with the further properties that L is of nilpotence class 6 
and L?L° € Z(L). Then L has a presentation of the form 


chee (r ) : (x3Y4, Ys) =T7; (x2Y3, Ys) =, (x1Yy3, Y4) =1, (y1Y2,; Ys) = 1, 


where r # 0. Furthermore the presentations per (r) and Pe?) (s) describe the 


same algebra if and only if s/r € (F*)*. 


Proof. We have already seen that all such algebras have a presentation of the form 


po 2) (r) for some 0 # r € F. Straightforward calculations show that conversely 


any algebra with such a presentation has the properties stated in the Proposition. 
It remains to prove the isomorphism property. To see that it is sufficient, suppose 


that we have an algebra L with presentation pie (r) with respect to some given 


standard basis. Let s by any element in F* such that s/r = b* € (F*)*. Replace 


the basis for LZ with a new standard basis #1,--- ,y5 where %) = 21, ¥1 = Yi, Lo = 
(1/b) x2, Yo = bys, #3 = bx, yz = (1/b)y3, Fa = (1/b) x4, Ya = bys, Fs = (1/b*) x5 and 
= b*ys. Direct calculations show that L has the presentation Pi) (3) with 


respect to this new basis. 
It remains to see that the condition is necessary. Consider again an algebra 
L with presentation Re (r) and suppose that L has also a presentation pe?) >) (s) 


with respect to some other standard basis %1,--- ,y5. We want to show that 
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s/r € (F*)*. We know that L = Fy + Fy, + L? = Fys + Fy, + L?. Thus 


Ys = ays + bys + U4 


Ys = cys +dys + us, 


for some wy, us; € L? and a,b,c,d € F where ad—bc 4 0. We know that L?L? < L4 
and thus 


YsYsys = (cys + dys) (ays + bys) (ays + bys) + w 
Yaysys = (ays + bys)(cys + dys) (cys + dys) + z, 


where w,z € L*. We use the fact that L’ = 0 and L3L° < L° in the following 


calculation. We have 


Hence s/r e (F*)*. 


Remark 8.3. (1) Jt thus depends on the field F, how many algebras there are 


of this type. When (F*)* = F* there is just one algebra. This includes the case 


when F is algebraically closed or finite field of characteristic 2. 


(2) Let F be a finite field of order p" where p is an odd prime. If p = 1(mod4) 
then there are 4 algebras and if p= —1(mod4) then there are 4 algebras when n 


is even and 2 algebras when n is odd. 


(3) For F = R there are two algebras, one for r < 0 and one for r > 0. For 


F = Q there are infinitely many algebras. 


8.2 The algebras of class 7 


Here we are dealing with algebras of maximal class and thus we can make use of 


the general theory concerning these. In particular we know that we can choose 
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our standard basis such that 


L’=Z(L) = Fas +Fxa, 
L§ = Z,(L) = Fas +Fr4+4 Fas, 
LP = Z3(L) = Fas + Fr + Fr3 +4 Fao. 


We also know that L4 = Z,(L) = (L°), L? = Z;(L) = (L£°)+ and L? = Z(L) = 
(L")+. Furthermore we know that we can also get characteristic ideals of dimen- 


sion 1,5 and 9 in the following way. 


Firstly, we know from the general theory that x3y4,2ey3 #4 O. As a result 


LL? = Fray; # 0. This gives us a characteristic ideal of dimension 1 and 


then (L°L?)+ is a characteristic ideal of dimension 9. 


We now turn to the description of a characteristic ideal of dimension 5. From 


the general theory we also know that x,y, y:y2 are linearly independent. Thus 


[*L? = Fayy. + Fyyyo is a 2-dimensional characteristic subspace of L°. Let 
I, = L°L?, Ip = L" and Iz = L®. Let k be smallest such that I, 0 L4L? ¥ {0}. 
Then 


U={zeL*: xl? < I,} 


is a characteristic ideal of dimension 5. We can thus further refine our basis such 


that we have the following situation. 


Pi? XL5} Ys 
L’ = Z(L) |xa|ya| (L°L?)~ 
L® = Z,(L) | x3| y3| L? = Z6(L) 
L> = Z3(L) |xq| yo| L? = Z5(L) 
U jayly Li = Z4(L) 


There are now few separate cases to consider according to whether L*L? = L” or 
L*L3 ¢ L" and whether or not L4L? 4 L°L? 4 {0}. 
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8.2.1 Algebras where L*L® = L’ 


In this case we have 


UX2Yy3 = PXYo = Xs, Wa5 + BYYo = WX5 + Vy. 


Now consider the characteristic subspace UL? = Fr; + Fx,y3. There are again 


two subcases to consider as either UL? has dimension 1 or 2. 


I. Algebras where UL? is 1-dimensional 


In this case we have that x,y3 € Fxs and it follows that L*L? = UL? + y,L? = 
Frs + y,L? = Z(L). Consider the characteristic subspace 


Vette reL ret}. 


Then V is of codimension 1 in L? and L* < V. Also yo ¢ V. One sees readily 


that we can refine our choice of basis further such that 


V = L* + Fy. 


In particular y,y3 < Fas. Next consider the characteristic subspace 


W ={xe L*: xV = 0}. 


We have that L° < W and that x2 ¢ W. Also W is the kernel of the surjective 
linear map L* > L°L?, x + xy3 and thus of codimension 1 in L*. We can now 


pick our basis further such that 


W = 19+ Fr; + Fy. 


It is not difficult to see that such a choice is compatible to what we have done 
so far. Notice that it follows that yy3 = x,;y3 = 0. Next one notices that 
L°V = Z(L) and that L°U < L°L?. Let 


Rete V EIS TPL), 
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Then Z is of codimension 1 in V and y; ¢ Z. We can now further refine the basis 
such that 


Z=U+ Py3. 


The reader can convince himself that this is compatible to our choice so far. In 
particular yoy3 € Fxs5. Replacing ya by a suitable yo — ax, we can furthermore 


assume that yoys; = 0. With this choice of basis we thus have x;y3 = yry3 = 


yoy3 = 0 as well as Fx y2 = Froy3 = Fars and Fxrs5 + Faq = Fas + Fyye. It is not 


difficult to see that we can further refine our basis such that 


L1Y3 = YWiY3 = Yoys = 0, TiY2 = ToY3 = U5, YiYo = La. (8.9) 


We are then only left with the following triple values 


(t1y4,Y5) = 4, (Yyiy4,¥5)=C¢, (Y3Y4, Ys) = €, 


(x2y4, Ys) = b, (y2Y4, Ys) 


d, (x3Y4, Ys) =7, 


where r 4 0. Replacing 73, %2, yi, ¥3, Ya, Ys by 73+ b%4, Lo +AL4—CL5, Yi + dL4, y3— 
(e/r)x3 — (be/r)X4, Ys = Ya — bY3 — AY2 + dx1,Y5 + CY2, gives us a new standard 


basis where we can assume that a = b=c=d=e2=0. The reader can check 


that (8.9) is not affected by these changes. Finally by replacing 21, 22,..., Ys 
by (lr as (1/r)2o, TX3, iba (1/r*) zs, ry, TY2, (1/r)ys, (1/r*)ya, r?ys, we Can 
furthermore assume that r = 1. We thus arrive at a unique presentation for L. 


Proposition 8.4. There is a unique nilpotent SAA L of dimension 10 that has 
isotropic center of dimension 2 with the further properties that the class is 7, 


L*L? = L’ and dimUL? = 1. This algebra can be given by the presentation 


PO: (asya,¥s) = 1, (eoys, ys) =1, (21y2,y5) = 1, (yry2, ys) = 1. 


Direct calculations show that the algebra with this presentation has the properties 
stated. 


II. Algebras where UL? is 2-dimensional 


In this case Fxoy3 = Fa yg = Fars and Fy,y2 + Fars = Fr ,y3 + Frs = Fry + Fors. 


It is not difficult to see that we can choose our standard basis such that 


T1Y2 = T2¥3 = U5, YiY2 = La. (8.10) 
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Now yiy3 = a5 + ba, for some a,be F. Replacing 22, y1, y2, ys by ro + 0x3, y1 — 


AX2, Y2 — aX, y3 — by2 + abs, gives 


yiys = 0, (8.11) 


and the changes do not affect (8.10). Next consider yoy3 = ax4 + bas and replace 
X1, Y2, Y3 by X41 — a%3, Yo — bX, y3 + ay. These changes imply that we can assume 


furthermore that 


Now consider 21y3 = ax5 + bx4 (where b # 0 by our assumptions). Replacing 
1, Y2 by x1 — aX, yo + ay, we can assume that a = 0. Then replace 71,..., ys 
by (1/b)a1, (1/0?)ao, (1/b?)a3, bPar4, bars , by1, bya, b’ys, (1/b°) ya, (1/b)ys we can as- 
sume that b = 1. Thus 

L1Y3 = La. (8.13) 


This leaves us with the following triples. 


C, (ysY4, Ys) = €, 
d, (x3Y4, Ys) =7, 


(21Y4, Ys) = a, (yi¥4, Ys) 
(XoY4, Ys) = b, (Yo¥4, Ys) 


First replace 23,22, Yi, ya by ©3 + bx4,%2 + aX4, yi + dX4, Ys — GY2 + dxy — bys. 


These changes imply that we can assume that 


(r1Yy4, Ys) = (Loya, Ys) = (Yaa, Ys) = 0. (8.14) 


Finally replace x2, y3, Ys by ®2 — crs, y3 — (e/r)x3, ys + Cy2 and we furthermore 


assume that 


(yy, Ys) = (yaya, Ys) = 0. (8.15) 


Thus L has a presentation of the form Pee (r) as described in the next proposi- 


tion. 


Proposition 8.5. Let L be a nilpotent SAA of dimension 10 with an isotropic 
center of dimension 2 that is of class 7 and has the further properties that L*L°? = 


L’ and dimUL? = 2. This algebra can be given by a presentation of the form 


POV (r): (wsy4,¥s) =, (woys, ys) = 1, (e1ye, ys) = 1, (erys, ys) = 1, 
(Yio, Ya) = iL, 
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where r #0. Furthermore two such presentations Pe (r) and Pe) (s) describe 


the same algebra if and only if s/r € (F*)"™. 


Proof. We have already seen that any such algebra has such a presentation. Di- 
rect calculations show that an algebra with a presentation Ped (r) has the prop- 
erties stated. We turn to the isomorphism property. To see that the condition 
is sufficient, suppose we have an algebra L with a presentation ees (r) with 


respect to some standard basis 71, %,...,25,Y5. Suppose that s/r = a’! for 


some a € F™*. 


a°x2, Yo = (1/a*)ye, £3 = a°x3, 3 = (1/a?)ys, fa = (1/a*)ra, Ya = a*ys, fs = 
(1/a?)x5, Ys = a?ys. Calculations show that L has then presentation Ped (s) 


Consider a new standard basis #7, = az, yi = (1/a)y1, % = 


with respect to the new standard basis. 


It is only remains now to see that the conditions is also necessary. Consider 
an algebra L with presentation Ped (r) with respect to some standard basis 
L1,Y1,-..,%5,Y5. Take some arbitrary new standard basis 71, Y1,...,25, Ys such 
that L satisfies the presentation PE (s) with respect to the new basis. Using 


the fact that we have an ascending chain of characteristic ideals we know that 


Yi = ay, + Buz. + +--+ Biszs, 
Yo = bye + Q21y1 + Bort + +++ + Bo5xs, 
Y3 = cy3 + Az2Yo + A341 + 83101 + +++ + 8352s, 


Ya = dys + Q43Y3 + AgeY2 + A41Y1 + Pati +-+>+ Bats, 


Ys = Cys + Osays + --- + O51 + P5121 +--- + Boss, 
£, = (1/a)a, + Yy2%2 + +++ + Yi5%s, 

Eq = (1/b)x2 + Y23%3 + Yoata + Yo5Xs, 

£3 = (1/c)x3 + YsaXa + Ya5%s, 

£4 = (1/d)xq + Yasts, 

to = (Clife) as: 


for some aij, Bij, Vij, @, b,c, d,e where a,b,c,d,e # 0. Direct calculations show 
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that 


1 = (£192, 95) = be/a => e=a/b 
l= (WiYo, Ys) abd d 1/(ab) 
l= (11Y3, Ys) = cd/a => C= a’b 


l= (Lois, Ys) _ ce/b => b= a’, 


Thus b = a3, c= a", d= 1/a*, e = 1/a’ and it follows that 


s = (#3%4, 95) = (de/c)r = (1/a)"'r. 


Hence s/r € (F*)". 


Remark 8.6. Jt follows that if (F*)!' = F* then there is only one algebra of this 
type. This includes any algebraically closed field and R. If F 1s a finite field of 


order p", then the number of algebras is either 11 or 1 according to whether 11 


divides p” — 1 or not. Notice also that there are infinitely many algebras over Q. 


8.2.2 Algebras where L*L® ¥ L’ and L°L? < L*L? 


Here we pick our standard basis such that 


L*L? = Fes + Fes. 


Notice also that as before U = {x € L*: xL? < L°L?} and thus again x y2 € Frs. 
Notice also that 


(L4L°)* = Frs +--+ + Fa, + Fy, + Fyo + Fys. 


Then 1°(L4L3)+ = (Fxr3 + Fr2)y, = L°L?. Consider the characteristic subspace 


V ={2e LL: 2(L4L3)- = 0}. 


Here x3y4 # 0 and thus V is the kernel of a surjective linear map L° > L°L?, 1 > 


xy, and has codimension 1 in L°. We pick our standard basis such that 


V =Fas + Fay t+ Fro. 
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In particular 


T2Y4 = 0. 


Here we have again UL? = Fars + 


1 or 2. We consider these cases separately. 


I. Algebras where UL? is 1-dimensional 


Notice that 
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(8.16) 


Fxr,y3 and thus either the dimension of UL? is 


viz Pas tee + Pry 


+ Fy, + Fys. 


and that UV+ = Far, = L°L?. Let 


W ={xeU: «Vt =0}. 


Here xoy3 # 0 and W is the kernel of the surjective linear map U > L°L?, x 


xy3. We choose our standard basis further such that 


W = 


In particular 


Fes + Fag + 


Fars + 


yy. 


Lys = 0. 


(8.17) 


Next look at L4V+ = Frs + Fy,y3. Notice that y,y3 ¢ V and that (y,y3, yo) 4 0 


(as Fy;yo + Fr5 = Fx3 + Fas). We choose our basis further such that 


In particular 


L’v+ _ 


(y1Y3; Ys) a 


Now consider the characteristic subspace 


T = L'V* + LAL = 


Notice that T+ = L4+ Fy, and WTt = 


Fes + Faro. 


0. 


(3.18) 


FP X5, + 


Fe3 + Fro. 


Par3ya + 


Friys. Let 


R={rewWw: «Tt =0}. 
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We have x3y4 # 0 and Ris the kernel of the surjective linear map W > L°L?, x > 


xy4. We now refine our basis further such that 


R=Fars+Fr,+ Fry. 


In particular x;y, = 0. We have thus got a basis where 71 y3 = X1y4s = Toys = 0 


and where (y,y3, ya) = 0. It is not difficult that we can furthermore assume that 


L3Y4 = 2X5, L2YZ3=7TX5, Loys =O, L1Y2 = Xs, 


0. 


r1y3 =0, riya =), Yiy2 = 23, (Y1Ys, Y4) 


We still need to consider the following triples. 


(y344,¥5) =a, (Yi¥a, Ys) =C, (Y2Y3,Y5) = €, 
(YiY3, Ys) = b, (yoy3, Y4) = d, (Yo¥4, Ys) = J; 
(x2Y3, Ys) =k; 


We start by replacing v2, ©1, ya, Ys by ®2 — bas, %1 + dx4, ys — dy, ys + by and 


(yiys,¥5) = (yoys, ya) = 0. (8.19) 


Then replace y1, ye, y3 with y; — cx3, yo —[(e —c)/r] xo — fxs, y3 — cr — fre —ax3 


and we can furthermore assume that 


(yiya,¥5) = (Yyoya, Ys) = (yo¥s, ¥5) = (yaya, Ys) = 0. (8.20) 


It follows that L has a presentation of the form Pp (r) as in the following 


proposition. 


Proposition 8.7. Let L be a nilpotent SAA of dimension 10 with an isotropic 
center of dimension 2 that is of class 7 and the further properties that L*L® # 
L’, LL? < L*L® and UL? is 1-dimensional. This algebra can be given by a 


presentation of the form 


Pi (r ) : (x23, Ys) =", (x3Y4, Ys) =1 »(©1Y2, Ys) =1, (y1Y2, Y3) =1, 


where r #0. Furthermore two such presentations pee) r) and Ro (3) describe 


the same algebra if and only if s/r € (F*)?. 
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Proof. We have already seen that any such algebra has a presentation of this 
form. Conversely, direct calculations show that any algebra with a presentation 
pe) (r) satisfies the properties stated. We turn to the isomorphism property. 
To see that the condition is sufficient, suppose we have an algebra L with pre- 


sentation Re (r) with respect to some standard basis 21, 41,...,25,Y5. Suppose 


K* 


that s/r = a? for some a € F*. Consider a new standard basis #1 = 71, ¥ = 
Y1, Lo = AL, Yo = (1/a)ye2, t3 = (1/a)z3, Y3 = GYy3, T4 = Ta, Ya = Ya, T5 = 


(1/a)a5, Ys = ays. Calculations show that L has then the presentation pe (s) 


with respect to the new basis. 


It only remains to see that the condition is also necessary. Consider an algebra L 
with presentation Pew) (r) with respect to some standard basis x1, y1,..., 25, Ys. 
Take some arbitrary new standard basis 71, %,...,2%5,Y5 such that LD also sat- 
isfies the presentation PE) (s) with respect to the new basis. Using the fact 
that we have an ascending chain of characteristic ideals as well as the fact that 
[48 = Fe, + Fars, L4V+ = Fe; + Fro, R = Fos + Fr, +Fr,, Wt = Fy, + U, 
(R+ L4V+)+ = Fy3 + U and T+ = Fy, + Fy; + U are characteristic subspaces, 


we know that 


= (1/a)y1 + Bix1 + +++ + Biss, 

= (1/b)y2 + Bort1 +--+ + Boasts, 

ys = (1/c)y3 + Bsit1 +--+ + B35%s, 
= (1/d)y4 + aay + Bait1 + +++ + Bass, 
( 


L/e)ys + asaya + -+> + 5141 + B51%1 +--+ Bs5a5, 


Neng 
on 
I 


Ly = aX, + Y14%4 + 1545, 
Ly = bxL2 + Yo5"s, 
£3 = CL3 + 3525, 
£4 = dx4 + YasL5, 


£5 = €X5, 
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for some a, b, c, d, e, aij, Bij, Vij Where a, b,c, d,e # 0. It follows that 


1 = (£394, Ys) = c/(de) 
1 = (X12, Ys) = a/(be) 
= (*WY2, ys) = 1/(abe). 


This gives c = 1/(ab), e = a/b, d = 1/a? and then 


S = (L273, Ys) = br/(ce) = b?r, 


This finishes the proof. 


Remark 8.8. Again we just got one algebra if (F*)> = F*. This includes all 


fields that are algebraically closed as well as R. For a finite field of order p” there 


are 3 algebras if 3\p" — 1 but otherwise one. For Q there are infinitely many 


algebras. 


II. Algebras where UL? is 2-dimensional 


Recall that UL? = Fr5+ Fr ,y3, LAL? = Fr5+F x3 and roy, = 0. It is not difficult 


to see that one can further refine the basis such that 
L3Y4 = AL5, LoY3 =TL5, Loy4 =O, T1Y2 = @5, TM1Y3 = T4, YiY2 = V3. (8.21) 
Replacing 1, Y1,-++5%5,Y5 by AX), (l/a)y, (1/a°)a2, ayo, ars, (1/a”)ys, (1/a) xa, 


aya, a25, (1/a*)ys5, implies that we can furthermore assume that a = 1. We 


have also the following triples to sort out. 


(Y1Y3, Y4) =a, (yo¥s, Y4) = d, (21Y4, Ys) = 9, 
(yiy3,¥5) =, (Yyoys,¥5) =e, (Yys¥4, Ys) = h. 
(y1¥4, 45) =c, (yoy, ys) = f, 


First we replace %2, 21, Y4, Ys by Lo — avy — bas, 41 + dry, Ya + AYo — dyy, Ys + by2 


and we see that we can assume that 


(y1y3, Y4) a (y1Y3, Ys) = (yoys, Y4) = 0. (8.22) 
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Next replace y1, yo, y3 by y1 — CX3, Yo — fx3, y3 —Cx1 — fx2 and we can also assume 
that 


(yiy4, Ys) = (Yaya, ys) = 0. (8.23) 


Then replace 21, y5 by x1 + e@5, ys — ey, and we see now add 


(yous, Ys) = 0. (8.24) 


Finally replace x1, y3 by x; — 93, y3 + gy, —hx3 and we see that we can now add 


(2144, Y5) = (ys¥4, Ys) = 0. (8.25) 


We have thus see that L has a presentation pee) (r) as in the following proposi- 


tion. 


Proposition 8.9. Let L be a nilpotent SAA of dimension 10 with an isotropic 
center of dimension 2 that is of class 7 and has further properties that L*L® # 
L’, L°L? < L4L? and UL? is 2-dimensional. This algebra can be given by a 


presentation of the form 


pe (vr): (@243,¥5) =, (€3Y4,¥5) = 1, (T1y2,y5) = 1, (e1y3, ya) = 1, 
(y1Y2, Y3) =1 


where r #0. Furthermore two such presentations Pe) (r) and Ps) describe 
Te a 


the same algebra if and only if s/r é€ ( 


Proof. We have already seen that any such algebra has a presentation of this 
form. Conversely, direct calculations show that any algebra with a presen- 
tation Pes) (r) satisfies the properties stated. We turn to the isomorphism 
property. To see the condition is sufficient, suppose we have an algebra L 


with presentation Ba (r) with respect to some standard basis 71, y1,..., 25, Ys- 


K* 


Suppose that uae = a’ for some a € Consider a new standard basis 
#, = (l/a)e1, fh = ay, #2 = ate, we = (1/a*)yo, #3 = (1/a*)r3, ¥3 = 


a®y3, 4 = a?x4, Ys = (1/a?)ys, 5 = (1/a°)25, Ys = ays. Calculations show 


that L has then the presentation Pee) 6) (s) with respect to the new basis. 


It only remains to see that the condition is also necessary. Consider an algebra L 
with presentation Poe 6) (r) with respect to some standard basis x1, y1,...,25,Ys- 


Take some arbitrary new standard basis 71, %,...,%5,Y5 such that LD also sat- 
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isfies the presentation PE) (5) with respect to the new basis. Using the fact 


that we have an ascending chain of characteristic ideals as well as the fact that 
LAL? = Fas + 


that 


for some a, b, c, d, €, aij, Bij, Vij Where a,b, c,d,e # 0. It follows that 


Firs, V =Fos5+ 


L/a)y, + Buti +--+ + Bisas, 


( 
(1/6 


Yo + Qe1y1 + Bat + +++ + Bo5%5, 


) 
) 


(1/c)y3 + a3iy1 + 83101 +--+ + B35%5, 
(1/d)ys + Qagyo + aay + Bart1 +--+ + Ba5zs, 
L/e)ys + Osays +--+ + 5141 + 85121 +--- + Posts, 


ar, + Y¥ie%e+...+ Y15%5, 
bre + Yeats + Ya52s, 

CL3 + Y3505, 

dt4 + Ya5X5, 


€X5, 


This gives b = (1/a*), c = a®, d = (1/a”), e = a? and then 


s = (£093, Ys) = br/(ce) = (1/a’?)r. 


This finishes the proof. 


Fa, + Fao, are characteristic subspaces, we know 


Remark 8.10. The number of algebras depends thus again on the underling 


field. In particular there is one algebra over the field C, two algebras over 
infinitely many over Q. When 
be 12, 6, 4, 3, 2 or 1 depending on what the value of p” is modulo 12. 
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8.2.3 Algebras where L*L® 4 L’ and L°L? < L*L 


First we pick our standard basis such that 


LB aL’ = Fay, LAL? = Fry + Fry. 


Thus in particular Fr;y2 = Fx4. From this one sees that U(L°L?)+ = L"+Fayy, 
where (21Y4, Yo) = —(%1Y2, ys) # 0. We further refine our basis such that 


U . ii) = 1" + Fr = Frs + Fry + Fao. 


Then notice that (U(L°L?)+)L = L°L? + Froys, where (rays, y3) = —(Loy3, Ys) 4 


0. We refine our basis further such that 


(U(L°L’)*)L = L°L? + Fas = Fas + Fas. 


Notice that in particular rays € Fr; + Fr3 and thus (rey4, ys) = —(oys, ya) = 0. 


We have as well (rays, y3) = —(xey3, ys) = 0 and thus 
r2y4 = 0. (8.26) 


We also have 


Fr = (Ferg + Fas) (Fas + Faz) = (L“L*) 0 ((U(L°L”))L). 
Next consider the characteristic subspace 
Veteel 24a (7h) wer) hh. 


Notice that x;y2 4 0 and thus V is the kernel of a surjective linear map L* > 
[*L3/Fx3, x > xy2 + Fr3 and thus of codimension 1 in L*. Notice also that 
L° < V. We refine our basis further such that 


V = [> + yy =Fr,+---+Fro+ yy. 


It follows in particular that 


Pyiy2 = Fas. (8.27) 


Notice that 


(UE) =Fr5,+...+Fa,+ yy + Py3 
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and then U -(U(L°L?)+)+ = L°L? + Fx ,y3. Now (x13, y2) = —(@1y2, y3) = 0 but 
also ayy4 € U(L°L?)+ = Fas + Faq + Fro and thus (213, ys) = —(21ya,y3) = 0. 
It follows that r,y3 € Fr, = L°L?. It follows that U - (U(L°L?)1)+ = L°L?. 


Consider the characteristic subspace 


Reel eae) = 0). 


We have that xoy3 # 0 and thus R is the kernel of the surjective linear map 
U — L°L?, x + xy3. Thus R is of codimension 1 in U and contains L®°. Now 


choose our basis further such that 


R=1°+Fa, = Fes + Fa, + Fos + Fay. 


In particular 
X1Y3 = 0. (8.28) 


Next consider L* . (U(L°L?)+)+ = L°L? + Fyyy3. Notice that (y1y3,y2) = 
—(yiy2, y3) #0. We can refine our basis further such that 


L*. (U(L°L?)*)~ = Fes + Feo. 


In particular 
(yiys,Y4) = 0. (8.29) 


It is not difficult to see that we can now choose our basis such that 


L3Y4 = 25, LoY3 =TL5, Loys = OV, 


L1Y2= U4, MYy3 = 0, Y1y2 = V3, (y1y3, Y4) = 0. 


Replacing U1, Y1,-- +525, Y5 by (1/r)a1, ry, Ta, (1/r)y2, v3, YB, (1/r?) 4, To Us 
r?x5, (1/r?)ys, we see that we can furthermore assume that r = 1. We are now 
left with the triples 


(x1Y4, Ys) = 4a, (yoys, Y4) =d, (y3Y4, Ys) =h, 
(y1Y3; Ys) = b, (Y2¥3, Ys) = €, 
(y1Y4; Ys) =C, (Yo44, Ys) =f, 
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We now show that we can further refine the basis such that all these values are 
zero. First replace %2,21,y5 by x2 — bas, 41 + eX5, Ys + by2 — ey, and we can 


assume that 


(4143, U5) = (Y2¥3,Y5) = 0. (8.30) 


Then replace 21,41, y2,y3 by 21 — ax3, yr — C3, Yo — fx, y3 + ay — cL — fo 


and we can furthermore assume 


(1Y4,Y5) = (Yi¥4, Ys) = (Ya, Ys) = 0. (8.31) 


Finally replace x1, y3, ya by 71 + dx4, y3 — gx3, ya — dy, and we also have 


(yoys, ya) = (Yaya, 5) = 0. (8.32) 
We have thus arrived at a unique presentation. 


Proposition 8.11. There is a unique nilpotent SAA of dimension 10 with an 
isotropic center of dimension 2 that is of class 7 and has the further properties 
that L*L? 4 L", L°L? € L4L°. This algebra can be given by the presentation 


Re > (xoy3,Y5) = 1, (vaya, y5) = 1, (iyo, ya) = 1, (yiy2,y3) = 1. 


Proof. We have already seen that any such algebra must have a presentation of 


this form and conversely direct calculations show that the algebra with the given 


presentation satisfies all the properties stated. 
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INTRODUCTION 


This part will be mostly about the connection between Part I] and Part I. 
Thus throughout this part we will be working with an arbitrary field GF (3). 
We also assume that the symplectic alternating algebras is furthermore nilpotent 


unless stated otherwise. 


The study in Part II reveals some new classes of groups that we call powerfully 


nilpotent group, powerfully perfect nilpotent group and powerfully soluble group. 


As we have seen before, nilpotent symplectic alternating algebras over the field 


GF (3) have a 1-1 correspondence with a class C of powerful 2-Engel 3-groups. 


Our classification of algebras of nilpotent symplectic alternating algebras of di- 
mension up to 10 over GF (3) yields that there are 25 powerfully nilpotent group 


over class C of rank at most 11. 


In general the situation here like a more further work to be done, which is cur- 
rently under consideration. We will only here first consider some general defini- 
tions and then in particular describe briefly what is it happening in class C based 


on the new language revealed from classification in Part II. 


CHAPTER 9 


ee 


CONTRIBUTIONS IN GROUP THEORY AND 
FURTHER WORK 


Here we discuss some further directions that would be interesting and compatible 
with our work in this thesis. One natural consequence step would be is to inves- 
tigate the groups that correspond to nilpotent SAA’s in class C. Also what is it 
happening there when the SAA is further nil-algebras over GF (3). For instance 


we know such a correspondence exist. 


A different direction is having the nil SAA’s are classified up to dim8 which 
are exactly the same as the nilpotent SAA’s of dim up to 8. One could investi- 
gate some general properties that holds for nil SAA’s. Also what could we read 
more from the additional algebras that we have got as we know that there are 
nil SAA’s, are they all nil-4 SAA’s and bounded by nil-degree 4. 


We however in the rest of this part we continue describing some few things that 


is just a starting point for an ongoing new work. 


9.1 Contributions in Group Theory 


As we said before this is a more general setting now that is open and under 
investigation for a further work to be done. We however describe only what a 
powerfully nilpotent group is and in particular the connection between the pre- 


vious parts of this thesis. Similarly we define a powerfully soluble group. 
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Recall that there is a one-to-one correspondence between symplectic alternat- 
ing algebras over the field of three elements and a certain rich class C of powerful 
2-Engel 3-group of exponent 27. Namely, the groups form a class C consist of all 


powerful 2-Engel 3-groups G with the following extra properties: 
1) G= (2, H), where H = {ge G: g? = 1} and Z(G) = (2) with O(2) = 27, 
2) G is of rank 2r + 1 and has order 3°*4". 


The associated symplectic alternating algebra L(G) is constructed as follows. 
First we consider L(G) = H/G®? as a vector space over GF(3). To this we associate 
a bilinear alternating form (,) and an alternating binary multiplication as follows: 
for any @ = aG°,b = bG® and @ = cG? in L(G), 


la, b}? a 7%) 


a-b =é@ where [a,b]Z(G) = c? Z(G). 


Next we identify the subclass of C that consists of all groups in C that has an 
extra group theoretical property that we call powerfully nilpotent. This subclass 


corresponds to nilpotent SAA’s. 


Definition 9.1. A finite p-group G is said to be a powerfully nilpotent group if 
there is an ascending chain of powerfully embedded subgroups Apo, Hy,--- , Hn 
such that 

{l)=4o <i = 2(G) < Aes Aye SA, HG 


and [H;,G] = H?_, for i = 1,---,n. We refer to such a chain as a powerfully 
central chain and n is the length of the chain. Further, if G is powerfully nilpotent 
then the smallest possible length of a powerfully central chain for G is called its 


powerful nilpotence class. 


Remark 9.2. Notice that if G is powerfully nilpotent group, then the nilpotent 
class of the group G is different from the Powerfully nilpotent class of G. 


We then define the upper powerfully nilpotent series, lower powerfully nilpotent 


series and the derived powerfully nilpotent series as usual like in Group. 
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9.2 Connection between nilpotent symplectic al- 
ternating algebras and powerfully nilpotent 
groups 


Let L be a nilpotent SAA over GF (3) of dimension 2n > 6. We have seen from 


the general theory that L has a the central ascending chain 
(at Yeas eee eae PR ee) eae a ed ae aa veo B 


such that dim J, = r for r = 2,...,n —1. In particular L is nilpotent of class at 


most 2n — 3. 
We now move to groups that consist C. Let G =< x, H > be such group. 


Here the groups consist C are 2-Engel, thus they are nilpotent of class at most 3. 


We however here interest of those that are of class 3. 


From our previous work we know that if the SAA L is abelian then the cor- 
responding group G(L) in class C would have a nilpotent class exactly 2. This 
is because G(L) being 2-Engel has class at most 3 and that the derived group 
|G, G] # 1 since we have a non-degenerate alternating form. It is however clear 
that the groups that are of class 3 corresponds to non-abelian SAA over GF (3). 
The reason for that is the latter must have some non-zero triples, say (wv, w) = 1 
but the corresponding commutator would be, say [a,b,c] = 1 and hence G(L) 


has class 3. 


We first start by the following remark that set up the connection between the 
SAA over GF (3) and groups of class C that is of class 3. 


Lemma 9.3 ({18]). Let G(L) be a group of class C that has nilpotent class 3. 
G(L) is isomorphic to G(K) if and only if L is isomorphic to K. 


Recall that ideals in SAA correspond to powerfully embedded subgroups and sub- 
algebra correspond to powerfully subgroup. We also have that [aZ(G), bZ(G)| = 


Z(G) for any a,b,c € H. We next lists few simple consequences. 
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Let G be a group from C of rank 2n + 1 that has nilpotent class 3. Then 


1) G is powerfully nilpotent group if and only if L(G) is a nilpotent SAA. 


2) The powerfully nilpotent class of G is the same as the nilpotent class of 


L(G). 


3) the center Z(G) of G and Z(G) correspond to the isotropic subspace of L 


and the center of L consequently. 
4) rankG = dim Z2(G)/Z(G). 


5) The structure of G is fully determined by the structure of L. 


Now let G be in the class C of powerful 2-Engel 3-groups. For any AK such that 
G3 < K < Gwe let K = K/G°. Notice that 


A- L(G) < B if and only if [(A, x), G] < (B, 2). 
Thus if G? < H; fori = 1,--- ,n, then 

(O}= Ay Shy eee = TG) 
is a central chain of ideals in L(G) if and only if 


{<<a CH oy Ss CHD) =G 


is a powerfully central chain. The classification of the nilpotent symplectic alter- 
nating algebras of dimension 10 over GF(3) gives us thus the classification for the 
powerfully nilpotent groups in C that are of rank 11. The classification reveals 


that there are 25 such groups. 


It is also extremely interesting to see that there is a class of maximal powerfully 
nilpotent groups consists of powerfully nilpotent groups in C that corresponds to 
the maximal class of nilpotent SAA’s of class 2n — 3. We seems to have also a 


dual class of minimal powerfully nilpotent groups too. 
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